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The existence of d? pairwise equiangular complex lines [equivalently, a symmetric infor-
mationally complete positive operator-valued measure (SIC-POVM)] in d-dimensional
Hilbert space is known only for finitely many dimensions d. We prove that, if there
exists a set of real units in a certain ray class field (depending on d) satisfying certain
algebraic properties, a SIC-POVM exists, when d is an odd prime congruent to 2 modulo
3. We give an explicit analytic formula that we expect to yield such a set of units.
Our construction uses values of derivatives of zeta functions at s = 0 and is closely
connected to the Stark conjectures over real quadratic fields. We verify numerically that
our construction yields SIC-POVMs in dimensions 5, 11, 17, and 23, and we give the first
exact SIC-POVM in dimension 23.

1 Introduction

A set of m complex equiangular lines in d dimensions is a set of one-dimensional

subspaces Cv,Cvy,...,Cv,, in C? having equal angles arccos (Illmfm)jl\l) =0 foralli#j.
These geometric configurations were first studied in the context of design theory in the
1970s, as a complex analogue of sets of real equiangular lines. The maximal cardinality
of a set of complex equiangular lines was shown to be bounded above by d? by Delsarte

et al. [8].
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2 G.S. Kopp

A set of complex equiangular lines achieving this upper bound—d? lines in
dimension d—is equivalent to a type of generalized quantum measurement known as a
SIC-POVM (symmetric informationally complete positive operator-valued measure). SIC-
POVMs were introduced in 1999 by Zauner [30, 31] and have applications to quantum
information processing and especially quantum state tomography, the process of recon-
structing a quantum state from a set of measurements of copies of the state (see, e.g.,
[19]). Their existence has implications for quantum foundations due to their presence in
the theory of quantum Bayesianism (or QBism) [10]. See the bibliography of Fuchs et al.
[9] for a complete list of references on the history and applications of SIC-POVMs.

SIC-POVMs are conjectured to exist in all dimensions. They have been proven to
exist (by explicit construction) in dimensions 1-21, 24, 28, 30, 31, 35, 37, 39, 43, 48, 124,
and 323 [1-4, 11-13, 21, 22, 30], and approximate numerical solutions have been found
in every dimension up to 151 and several other dimensions up to 844 [9, 18, 20-22].
(Some further unpublished solutions have been found by Grassl and Scott [14]: an exact
solution in dimension 53 and numerical solutions in all dimensions up to 165, dimension
1155, and dimension 2208) All but one (the Hoggar lines [15]) of the known SIC-POVMs
are (up to unitary symmetry) so-called Heisenberg SIC-POVMs—the orbit of a single
vector under the action of a discrete Heisenberg group.

Appleby et al. [5, 6] recently discovered an empirical connection between SIC-
POVMs and Hilbert's 12th problem for real quadratic fields. Hilbert's 12th problem is a
longstanding open problem in number theory. For a base field K, it asks for an explicit
construction of the abelian extensions of K, analogous to the Kronecker-Weber theorem
in the case when K = Q and the theory of complex multiplication in the case when K is
imaginary quadratic.

Appleby et al. [5, 6] observe that, for d > 3, the known examples of Heisenberg
SIC-POVMs are always defined over abelian extensions of the real quadratic field
QG/(d =3)(d +1)). They predict the existence of a certain Galois orbit of SIC-POVMs
called a minimal multiplet, and they conjecturally identify the specific ray class field
over which the SIC-POVMs in the minimal multiplet should be defined.

The applicability of SIC-POVMs to Hilbert's 12th problem is currently aspira-
tional. Although it is possible to use SIC-POVMs (found by other methods) to construct
class fields, the reverse direction (using class fields to construct SIC-POVMSs) is more
sensible from a computational perspective. Rather, the surprising connection between
class field theory and complex equiangular lines gives a telling hint about the algebraic
structure of class fields—and, in fact, the algebraic properties of derivative ray class

zeta values at s = 0.
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SIC-POVMs and the Stark Conjectures 3

Specifically, in this paper, we formulate a pair of conjectures that imply a
strong refinement of the rank 1 abelian Stark conjecture in an infinite family of class
fields. In Conjecture 5.1, we predict the existence of a Galois orbit of real algebraic
units in a certain class field over Q(v/(d — 3)(d + 1)) satisfying several strong algebraic
and congruence conditions, in the case of d an odd prime congruent to 2 modulo 3.
Conjecture 5.2 states that the Stark units are such an orbit.

This paper likewise provides a refinement of Zauner’s conjecture on SIC-POVM
existence. We give a conjectural construction of a Heisenberg SIC-POVM in infinitely
many dimensions d =5,11,17,23,29,41,... (i.e., those d that are odd primes congruent
to 2 modulo 3). Specifically, we prove in Theorem 5.4 that any set of units satisfying
the conditions of Conjecture 5.1 may be used to construct a SIC-POVM in dimension d.
Conjecture 5.2 gives an analytic formula for a set of real numbers that we expect to
satisfy the conditions of Conjecture 5.1, thus providing a construction of SIC-POVMs.

Of crucial importance to our construction are the conjectures of Stark on the
leading terms of the Taylor expansions of Hecke and Artin L-functions at s = 1 and
s = 0 [25-29]. Stark made his conjectures in the 1970s, and they remain open over every
base field except for Q (known to Dirichlet) and imaginary quadratic fields (proof due to
Stark [25]). Much work has been done toward attacking or refining the Stark conjectures;
one vital reference is the proceedings of the 2002 “International Conference on Stark’s
Conjectures and Related Topics” at Johns Hopkins University [7].

Specifically, we connect the SIC-POVM existance question to the rank 1 abelian
Stark conjecture in the real quadratic case [27, 28]. In the rank 1 case, the conjecture
predicts the existance of “Stark units” in ray class fields given by the analytic formula
e, = exp(Z,(0)) for a certain differenced ray class zeta function Z,(s). The following
observation was first made by the author in his PhD thesis [16] in the case d = 5, and we
have checked it numerically in a number of cases beyond those of odd prime dimensions

d = 2 (mod 3) that are the focus of this paper.

Observation 1.1. Squares of overlap phases of centred Heisenberg SIC-POVMs in

dimension d are Galois conjugate to integral powers of Stark units in abelian extensions

of Q(v/(d -3)(d+ 1).

Conjectures 5.1 and 5.2 make Observation 1.1 completely explicit in the case
where d is an odd prime congruent to 2 modulo 3 and the SIC-POVM is in the “minimal
multiplet”. A congruence condition modulo a prime lying over (d) determines the signs

of the overlap phases; see (5.2).
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4 G.S. Kopp

Our construction has been verified numerically in dimensions d = 5,11,17,
and 23. Moreover, our methods give exact solutions in these dimensions. Namely, we
can conjecturally determine Stark units as algebraic numbers using sufficiently high-
precision approximate values of exp(Z), (0)), and then verify directly that they produce
a SIC-POVM according to the recipe provided by our conjectures. Thus, we provide the
first known exact expression for a SIC-POVM in dimension 23.

The paper is organized as follows. In Sections 2 and 3, we provide mathematical
background and an introduction to SIC-POVMs and the Stark conjectures, and we define
the notation to be used in the rest of the paper. In Section 4, we take a brief detour to
prove a density result on primes ramifying in extensions conjecturally generated by SIC-
POVMs. In Section 5, we present our main results and conjectures. Finally, in Section 6,
we present data verifying our main conjecture numerically in dimensions d = 5,11,17,
and 23.

Work in progress (some of it joint with other authors) will give an explicit
formulation of Observation 1.1 in full generality, including the case of “non-minimal”
SIC-POVMs.

2 Complex Equiangular Lines

In this section, we introduce the definitions from quantum information theory and
design theory that we need to state our main conjectures. Specifically, we define SIC-
POVMs and Heisenberg SIC-POVMs. We discuss extended unitary equivalence and
Galois equivalence of SIC-POVMs and define the notion of a multiplet of Heisenberg
SIC-POVMs.

2.1 Definition of SIC-POVMs

The study of SIC-POVMs began with Zauner’s 1999 PhD thesis [30] (see English
translation [31]). The term “SIC-POVM” was attached to the concept in 2004 by Renes
et al. [18].

The maximal number of equiangular complex lines possible in C? is d?; this
was originally proved in 1975 by Delsarte, Goethals, and Seidel using orthogonal

polynomials [8].

Proposition 2.1 (Delsarte et al. [8]). Let « > 0. Consider a set V of unit vectors in C¢
spanning equiangular lines; that is, |(v, w)|?

V| < d2.

= a whenever v,w € V and v # w. Then,
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SIC-POVMs and the Stark Conjectures 5

The same authors also show that, for a set of d? equiangular complex lines, the

size of the angle is determined.

Proposition 2.2 (Delsarte et al. [8]). For any set V of unit vectors in C¢ spanning d?

equiangular lines with (v, w)| 2 = « whenever v,w € V and v # w,

o0=—-—7, ((2.1)

and thus the common angle is arccos (%)

Vd+1

A SIC-POVM is defined as a set of rank 1 Hermitian operators on d-dimensional
Hilbert space satisfying certain properties, and it is equivalent to a set of equiangular

complex lines achieving the upper bound from Proposition 2.1.

Definition 2.3 (SIC-POVM). A SIC-POVM is a set {11, 311,,..., 2114} of cardinality

d? consisting of rank 1 Hermitian d x d matrices él‘[i such that each T = I1;, and

) o
Tr(l'[il'lj) S ((2.2)
a7 fi#J

Write IT; = ViVlT, where v; is a column vector, and Vz is its conjugate-transpose, a row
vector. Then, the v; define a set of d? equiangular complex lines in C%, and conversely
any set of d? equiangular complex lines in C¢ define a SIC-POVM. We will use the term

“SIC-POVM"” interchangeably with “set of d? equiangular complex lines in C2.”

There are two types of operators on C¢ preserving the SIC-POVM property. A
SIC-POVM {Cvy,...,Cvg2} may be “rotated” by any unitary matrix U € U(d) = {U «
GL(C%) : UU' = 1} to obtain another SIC-POVM {CUvy,...,CUv,2}. Moreover, if C,; is the
complex conjugation operator on C¢, so that C4v =V, then C; also preserves the SIC-
POVM property (and the same holds for any “antiunitary” operator of the form C,U).

These operators may be collected together to form the extended unitary group.
Definition 2.4. Define the extended unitary group EU(d) := U(d) u C,U(Q).

Lemma 2.5. The action of EU(d) takes SIC-POVMs to SIC-POVMs.
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6 G.S. Kopp

Proof. The action of U(d) preserves the Hermitian inner product; C;U(d) conjugates
the Hermitian inner product. Thus, both preserve its absolute value and thus the SIC-
POVM property. |

Definition 2.6 (Overlaps). If v, v,,..., v 2 are unit vectors in Cd defining a SIC-POVM,
the overlaps are the d* complex numbers (v;, v;). The overlap phases, for i # j, are the
complex numbers vd + 1(v;, Vj), which lie on the unit circle.

2.2 Definition of Heisenberg SIC-POVMs
Heisenberg SIC-POVMs are a special class of SIC-POVMs. Let {; = e (é) = exp (%) be

a dth root of unity.

Definition 2.7 (Heisenberg group). Let d’ = d if d is odd, d’ = 2d if d is even. Let I be
the d x d identity matrix. The Heisenberg group H(d) is the finite group of order d’d?

generated by the d x d scalar matrix ¢;I and the d x d matrices

00 0 1 1 0 O 0
1 0 00 0 ¢4 O 0
x=|01 00|, z=]0 0 ¢ 0 ((2.3))
d—1
00 1 0 0 0 O ¢

The Heisenberg group H(d) spans the vector space M;(C) of d x d complex

matrices, and a canonical basis is given as follows.

Definition 2.8 (Heisenberg basis). Let 7; = exp (W) = —exp (%’) The set of d?
matrices

Dy = X2 for 0 < m,n < d -1 ((2.4)

mmn

forms a basis of M;(C) over C, and this basis is called the Heisenberg basis. (The D, ,,
are known as displacement operators. Elsewhere in the literature, the displacement

operators have been defined both with and without the scalar phase factor of J*".)

Empirically, all but one of the known SIC-POVMSs are equivalent to orbits of the

Heisenberg group action, and that observation motivates the following definition.
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SIC-POVMs and the Stark Conjectures 7

Definition 2.9 (Heisenberg SIC-POVM). A Heisenberg SIC-POVM is a SIC-POVM of

the form
{CD,, ,v:0<m,n<d-1} ((2.5))

for some vector v € C%. This v is called a fiducial vector.

The elements of EU(d) that preserve the property of being a Heisenberg SIC-
POVM are restricted to a finite group, the extended Clifford group EC(d), defined to be
the normalizer of H(d) inside EU(Q).

Lemma 2.10. If vis a fiducial vector for a Heisenberg SIC-POVM, and y € EC(d), then
yv is also a fiducial vector for a Heisenberg SIC-POVM.

Proof. The reader may work this out directly or see Scott and Grassl [21, Section 3]. B

Some authors consider the larger class of group covariant SIC-POVMs, those
which are orbits of some subgroup of U(d). The Hoggar lines are group convariant for
H(2) ® H(2) ® H(2), so all known SIC-POVMs are group convariant. In the case of prime
dimension, it was shown by Zhu that all group covariant SIC-POVMs are equivalent to
Heisenberg SIC-POVMs [32].

2.3 SIC-POVM-generated fields and the Galois action on Heisenberg SIC-POVMs

In 2016, Appleby et al. [5, 6] empirically discovered a surprising connection between
SIC-POVMs and ray class fields of real quadratic fields. For all Heisenberg SIC-POVMSs
they checked, they found that the ratios of the entries of the fiducial vector lie in an
abelian extension of the real quadratic field Q(+/A), where A = Ag=(d-3)(d+1).
Every real quadratic field K = Q(+/A) arises this way—indeed, each K arises for
infinitely many d. While not every class field over K (nor a cofinal set of class fields)
is predicted to arise, a rich family of class fields are predicted, with ramification at a
positive density set of primes. We make this density claim explicit in Section 4.

The key property of the pair (d, A) is the existence of a unit

_ :(d—1)+¢Z

— ey : ((2.6)

with the property that 3 = 1 (mod d). The presence of ¢ is related to the order 3 “Zauner
symmetry” enjoyed by many known SIC-POVMs. We call ¢ the Zauner unit. Note that
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8 G.S. Kopp

the Zauner unit is not always equal to the fundamental unit, but is sometimes a higher
power of it; for example, &,5 = (2 + +/3)2.

Ignoring repeated fields, the sequence

Q(vVA1),@(VAs) - Q(VAg) - . ((2.7)

is essentially an ordering of real quadratic fields by the size of their regulators. While
in the usual ordering by the size of the discriminant, a “random” quadratic field should
have a small class number (size O(A°1)) and a large regulator (size O(A/2t°W)); in
the ordering given in (2.7), class numbers are large (size O(d)) and regulators are very
small (size O(log(d))). One might philosophize that ordering real quadratic fields by the
size of their regulators makes them behave more like imaginary quadratic fields, whose
explicit class field theory we understand.

Now, fix d, and let A = (d — 3)(d + 1) and K = Q(+/A). Let v be a Heisenberg
fiducial vector, and let E be the field generated by the ratios of the entries of the v
along with the d’'th roots of unity, where d’ = d if d is odd, and d’ = 2d if d is even. If
o € Gal(E/K), then v’ is also a Heisenberg fiducial vector; however, v’ may or may not
lie in the same EC(d) orbit as v. This Galois action respects orbits because (yv)° = y°v°
and EC(d) is Galois-closed.

Definition 2.11 (Multiplet). The set of all those EC(d)-orbits of fiducial vectors, which

are Galois equivalent to a given EC(d)-orbit, is called a multiplet.

3 Explicit Class Field Theory and Zeta Functions

In this section, we give the number-theoretic background we need to state our conjec-
tures. A much more complete exposition of class field theory may be found in Neukirch's

book [17]. The real quadratic Stark conjectures may be found in [27].

3.1 Global class field theory

Let K be a number field, and let Oy be its ring of algebraic integers, the maximal order
of K.

A modulus m is a pair m = (¢, S), where ¢ is an ideal of O, and S is a subset of
the (possibly empty) set of real embeddings K — R. Associate to the real embeddings
P1:---. Py the “infinite primes” coy, ..., 00, and write m using the notationm = ¢ HpjeS 00;.
(An example of this notation is m = (7)00;004).
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SIC-POVMs and the Stark Conjectures 9
Definition 3.1. If m = (¢, S), define the ray class group modulo m to be

Cle — {fractional ideals coprime to c} (3.1))
m= {principal frac. ideals («) coprime to ¢ with@ =1 (mod¢) and p(a) >0V p € S}’ ’

If ¢ is any nonzero subideal of ¢, then the ray class group is unaffected by

imposing the stronger condition of coprimility to ¢'.

{fractional ideals coprime to ¢’}

~ . (8.2
{principal frac. ideals (¢) coprime to ¢/ with o =1 (mod¢) and p(a) >0V p € S} ((3.2))

Clm

Consider two moduli m = (¢,S) and m’ = (¢/,S’). We say that m|m’ if ¢ D ¢ and
S C S'. The quotient maps 7, ., : Cl,, — Cl; are defined by first imposing comprimality
to ¢ in Cl,,, then modding out by the stronger congruence and positivity conditions
modulo w'.

The abelian Galois extensions of K are associated to quotients of ray class

groups, by the following existence theorem of Takagi.

Theorem 3.2 (Existence theorem). Let K be a number field, and let K? be the
maximal abelian extension of K (an infinite-degree extension). Then, there is a natural
isomorphism of the Galois group Gal(K?"/K) with the inverse limit lim_ Cl, with

respect to the quotient maps /. This isomorphism is called the Artin map:
Art : lim Cl,, — Gal(K®/K). ((3.3))

The field L, /K corresponding to Cl,, by Galois theory—so that Gal(L,,/K) = Cl,, under
the Artin map—is called the ray class field of K modulo m. If m = (c,S), then the

extension L, is ramified only at the primes dividing ¢ and the real places in S.
Proof. See[17, Chapter VI, especially Theorem 7.1]. |

3.2 Ray class zeta functions and Hecke L-functions

We now define two Dirichlet series, ¢(s,A) and Z,(s), attached to a ray ideal class A of

the ring of integers of a number field.

Definition 3.3 (Ray class zeta function). Let K be any number field, and let ¢ be
an ideal of the maximal order Of. Let S be a subset of the real places of K (i.e.,

the embeddings K — R). Let A be a ray ideal class modulo m = (c,S). Define the
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10 G. S. Kopp

zeta function of the ray class A by the sum over integral ideals

(s, A) = Z N(a)~™S for Re(s) > 1. ((3.4))

acA
CISOK

This function may be meromorphically continued to the whole complex plane.

Theorem 3.4. This function ¢(s,A) has a meromorphic continuation to C. It has a

simple pole at s = 1 with residue independent of A, and no other poles.

Proof. See Neukirch [17, Chapter VII, Theorem 8.5] for the corresponding statement

about Hecke L-functions, from which this theorem follows. [ |

The pole at s = 1 may be eliminated by considering the function Z,(s), defined

as follows. The function Z,(s) is holomorphic everywhere.

Definition 3.5 (Differenced ray class zeta function). Let R be the element of C,,
defined by

R={aOg:a= -1 (modc) and a is positive at each place in S}. ((3.5))
Define the differenced zeta function of the ray class A to be

Hecke L-functions (of finite-order Hecke characters) are linear combinations of
ray class zeta functions and are ubiquitous in modern number theory, largely because
they have an Euler product. Conversely, ray class zeta functions may be expressed as

linear combinations of Hecke L-functions.

Definition 3.6 (L-function of a finite-order Hecke character). Let K be a number field

and m a modulus of K. Let x : Cl, — C* be a group homomorphism. The Hecke

m

L-function is

Lis, )= D x(A)(s A). ((3.7))

AeCly,

All our results and conjectures are stated using (differenced) ray class zeta
functions rather than Hecke L-functions, as they are cleaner that way. However, our
computer calculations (see Section 6) rely on Magma's built-in algorithms for computing

Hecke L-functions.

0202 18qWBAON ] U0 1senB Aq Q0¥019S/ES | ZUJ/UIWI/SE0 L "0 | /I0P/oloIIB-80UBAPE/UIWI/WOD dNO"olWapeoe//:sdny woJj papeojumoq



SIC-POVMs and the Stark Conjectures 11
3.3 A Stark conjecture over real quadratic base field

The Existence Theorem 3.2 does not provide a procedure for actually building the ray
class field L. Explicit constructions are known when the base field K is Q or an
imaginary quadratic field; however, it is not known how to construct ray class fields
explicitly in general.

The Stark conjectures provide one approach to developing an explicit class field
theory. The following conjecture, due to Stark [27], gives a conjectural generator for a

ray class field over a real quadratic field, under certain conditions.

Conjecture 3.7 (Stark conjecture, rank 1 real quadratic case). Let K be a real quadratic
number field with real embeddings p; and p,. Let ¢ be a nonzero ideal of the ring of
integers of K with the property that, if ¢ € Oy such that ¢ = 1 (modc), then p,(¢) > 0.
Let A be a ray ideal class in Cl . Let L oo, be the ray class field of K modulo coo;, and
let p; be a choice of embedding of Leoo; extending p;. (Here, p; (L q,) = Pp(Leoo,) is a real
field, and p; (L¢so,) = P2(Ls,) is @ complex [non-real] field.) Then,

(1) Z,(0) =log(p,(ay)) for some real algebraic unit oy € L and furthermore

Lio, =Kl(ay).

C

co0n !

(2) The units «, are compatible with the Artin map Art : Cl.,, = Gal (L, /K).

Specifically, o, = a}Art(A)

,where I e Clcooz is the identity class.
4 Asymptotic Density of Primes Appearing in Moduli of SIC-POVM-Generated
Class Fields

This paper may be viewed as a contribution to explicit class field theory for a thin family
of class fields. In this section, we provide some evidence for the relevance of SIC-POVMSs
to Hilbert's 12th Problem by showing that the family of class fields predicted to arise
is, in a quantifiable sense, not very thin.

In their papers [5, 6], Appleby, Flammia, McConnell, and Yard make the following

conjecture.

Conjecture 4.1 (Class field hypothesis of Appleby, Flammia, McConnell, and Yard). Let
d > 4, and let K = Q(/(d — 3)(d + 1). There is a minimal multiplet M of Heisenberg
SIC-POVMs in dimension d containing a representative such that the field generated
by its overlaps is the ray class field Ly, of modulus doo; over K, and such that the

overlaps of any other Heisenberg SIC-POVM in dimension d generate a field contain-

ing Ly, -
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12 G. S. Kopp

We prove that, under the class field hypothesis, a positive density of primes
appear in the moduli of SIC-POVM-generated class fields over a fixed real quadratic

field. Moreover, we quantify that density explicitly.

Proposition 4.2. Let A > 0 be a fundamental discriminant, and let K = Q(+/A). Let P,

be the set of primes
P, = {p prime: (3d,f) (d — 3)(d + 1) = f?A and pl|d}. ((4.1))

(Under the class field hypothesis, P, is the set of primes dividing the moduli of minimal
SIC-POVM-generated class fields of K.) Then, P, has asymptotic density
#Hp<N:peP,} 3

WPy = 1\}1—>n;o #{p < N : p is prime} 8 (14.2)

in the set of all primes.

Proof. Let e > 1 be the smallest totally positive unit of O greater than 1. (So, ¢ is
either the fundamental unit or its square.)
Consider some p € P,, along with some associated (d, f). The equation (d—3)(d+

1) = f?A may be rewritten as the Pell equation

(d—-1?2—-f?A=4. ((4.3))
In other words, w is a totally positive unit of O; thus,
w — &% for some k e N. ((4.4)

We seethat ek +1+¢%=d,soz=¢Fisarootof z2+z+1=0 (modp).

k

Conversely, suppose that for some k € N, z = ¢¥ is a root of zZ2+z+1 = 0 (modp).

Let d := ¢ 4+ 1 + £7% € pN; we may then write

-1 A
ek = # for some f e N. ((4.5))
It follows that (d — 3)(d + 1) = f2A as above. Thus, p € P,.

We have now shown that P, = {p prime : (Ik) z = ek isarootof zZ2+z+1 =
0 (modp)}.
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SIC-POVMs and the Stark Conjectures 13

Write P, as a union

P, =R, US,Ul,, ((4.6))
where
R, ={peP, :p=23orpisramified in K/Q}; ((4.7))
Sy ={p € P, :p # 3 and p is split in K/Q}; ((4.8)
I, ={peP,:p+#3andpisinertin K/Q}. ((4.9)

The set R, is finite and thus irrelevant to the density calculation. If p € S,, then F,

contains a cube root of unity, so p =1 (mod 3). We may rewrite S, as

A

Sy = [p prime:p =1 (mod3), (E) =1, and 3|op(a)] ; ((4.10))
here o0,(¢) denotes the order of the reduction of ¢ in the multiplicative group
(Ox/pOx)™ = (IF;)Z. On the other hand, if p € I,, then (Oyx/pOx)” = IFSZ, and the
Frobenius automorphism in Gal(IE‘pz /]Fp) takes ¢ to ¢~ !; that is, e = ¢! (modp). Thus,
3lo,(e)l(p+ 1), so

. A
I, ={pprime:p=2 (mod3), ; =—1, and 3loy(e) - ((4.11))

We now write S, and I, as infinite disjoint unions

S\ = I_lS’ , Sg) ={peS,:¥(p-1ande = u¥™ (modp) for u a cubic nonresidue},

j=1
((4.12))
0 ) ) .
I, = |_|I] , I(A’) ={pel,:¥|(p+1)ande=u® (modp) for u a cubic nonresidue}.
j=1
((4.13))

Let {3 be a primitive (3/)-th root of unity, and let o be a solution to af’"

the Galois fields K; = K(¢3j, ;). The Galois group G; := Gal(K;/Q) has a presentation

= ¢. Consider
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14 G. S. Kopp

Gj = (0y,05,03), Where

o (VA) = —VA oy (VA) =VA o3(VA) =VA ((4.14))
01 (¢3) = ¢ 0y (L) = ¢ 04(Ly) = Lo ((4.15))
o)) = aJ.‘l ACHEXT o3(0)) = iy ((4.16))

(Note that the automorphism o, is central, and that o, generates the subgroup of

automorphisms fixing both /A and «j.) We may rewrite the Sg) and I(Aj) as Chebotarev
sets:
S(Aj) = {rational primes p : Frob,(K;) = {og_l,UZ o?f'l 102}}; ((4.17))
19 = {rational primes p : Frob,,(K;) = {010371,02 10103 02}} ((4.18))
Moreover,
(I) <.
I_l Sx ratlonal primes p : Frob p(Kj) = {ld}} =:Sp; ((4.19))
j>J
I_l 9 c ; ; : _ 7
» C {rational primes p : Frob,(K;) = {o,}} =: I, . ((4.20)
j>J
Thus, we may bound S, and I, between finite unions of Chebotarev sets:
|| s¥csyac| | ] s?)usy; ((4.21)
A = A = A7 .
1<j<J 1<j<J
|| @ crcf || )oY ((4.22))
A =1a = A A .
1<j<J 1<j<g

For an set of primes S, denote by «(S) the asymptotic density of S in the set of all primes.

By the Chebotarev density theorem, u (SU)) =u (IO)) = |Gi]| = 23%] -, and ,bL( sV )) =

(Tg)) 432J ;. Taking densities in (4.21) and (4.22), we obtain the inequalities

J J
1 1 1

E 2 351 <m< E 2 321 + 7 3201 for both m = u(S,) and m = u(,).

]—1 j:l

((4.23))
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SIC-POVMs and the Stark Conjectures 15

Sending J — oo, we see that

— 1 3
WSy = nlly) = J:ZI 7351 = Tg" ((4.24)

Thus, u(Py) = &+ & = 3. [}

ool w

5 Toward an Infinite Family of Heisenberg SIC-POVMs

We now state our main conjectures and results. Our 1st conjecture predicts the existence
of a Galois orbit of real algebraic units in the ray class field L., satisfying certain
strong conditions, for d an odd prime such that d = 2 (mod3). We will show in
Theorem 5.4 that these conditions imply the existence of a Heisenberg SIC-POVM in

dimension d.

Conjecture 5.1. Let d be an odd prime such that d = 2 (mod 3). Let A = (d — 3)(d +
1) and K = Q(+/A), and consider the class group Clg).,. With indices m,n e Z/dZ,
(m,n) # (0,0), let

Apn={a0g e =m+nvA (modd) and p,(@) > 0} € Cl g, ((5.1)

and let Art : Cl4),,, = Gal(L(g,/K) denote the Artin map of class field theory. Then,
there is a real algebraic unit « such that the ray class field L., = K(«) and such that
its (real) Galois conjugates a,, , := a®™“4mn) over the Hilbert class field L) have the

following properties:

(1) oy =l
(2) Thea,,, =1 (modp) for all prime ideals p of (’)L(d)mz dividing d(’)L(d)mz.
(3) The roots of (d + 1)x?% = ¥, @re in L)oo,

(4) Fix a choice of p dividing dOp, ooy and let v, , be the unique root of
d+Dx*=ap,, ((5.2)

satisfying v, , =1 (modp). Let vy = 1. Then, the matrix

d-1d-1

M= é ) I » R ((5.3))

m=0n=0

is idempotent (i.e., M®> = M) and rank 1 (i.e., all the rank 2 minors of M
vanish). (See (2.4) for the definition of D,, ,.)
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16 G. S. Kopp

The condition that d is prime and d = 2 (mod 3) is necessary because (5.1) does
not make sense for all (m,n) # (0,0) without it. For general d, the principal subgroup
of Cl 4y, is represented by those 4,, , such that (m + n+/A) is relatively prime to (d).
The condition that d is prime and d = 2 (mod 3) is equivalent to (d) being prime in Ok,
that is, to (m + nv/A) being relatively prime to (d) whenever (m,n) = (0,0) (modd).

Our 2nd conjecture provides an explicit analytic formula for a set of real
numbers that we expect to be Galois conjugate algebraic units with the desired

properties. (The Z/, (0) are known to be real numbers.)

Conjecture 5.2. Let d be an odd prime such that d = 2 (mod 3). A unit « satisfying

Conjecture 5.1 and its Galois conjugates over K may be constructed as Stark units
oA = exp (2,(0)), ((5.4))

for all A € Cl(g),-

Conjecture 3.7, due to Stark, predicts that exp (Z,(0)) = o*™? for an alge-
braic unit « generating L), over K. Point (1) of Conjecture 5.1 follows, because
Zpa(8) = —Z,(s). Points (2), (3), and (4) of Conjecture 5.1 provide, to our knowledge, new
predictions about Stark units.

There are several analytic formulas for the derivative zeta values Z, (0) appear-
ing on the right-hand side of (5.4). Shintani’s Kronecker limit formula expresses
exp (ZA(O)) as a product of special values of Barnes’s double gamma function [23, 24]. A
different formula appears in Chapter 4 of the author’s PhD thesis [16].

We state Conjectures 5.1 and 5.2 as two separate conjectures because it may be
possible to prove the 1st without proving the 2nd. One route by which this might be done
is through the use of p-adic zeta functions rather than Archimedian zeta functions. The
p-adic approach seems hopeful because p-adic analogues of the Stark conjectures have
been proven in some cases. At least, the p-adic condition (2) for corresponding d-adic
special values looks potentially amenable to proof.

We now prove a lemma about the structure of the class fields over K, which we

require for our main result, Theorem 5.4.

Lemma 5.3. Let K = Q(+/A), where A = (d —3)(d + 1) and d > 4. Let &g = W.
If n € Og andn =1 (modd), then n = sg’lk for some k € Z, and in particular 5 is totally
positive. It follows that the class fields L g, Lg)o0, » L(d)oo,» 82 L(g)00, 00, @€ all distinct.
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SIC-POVMs and the Stark Conjectures 17

Proof. It suffices to prove that the minimal 7 > 1 in Ok such that n = 1 (modd) is &3;
consider the minimal such 5. We have " = 5(31 for somen € Z, n > 0.

Let ’ and ¢’ denote the nontrivial Galois conjugates of n and ¢, respectively. If
n>3,thenn+n <s+¢ =d—1,soit's impossible to have n =1 (modd).

Thus, n < 2. Suppose n = 2. Then ¢, has a square root is X it is straightforward
to check that this happens exactly when d + 1 is a square, in which case g¢; = 8310 with
d = d3 — 2d,. Then

n=¢ej ((5.5))
_ (do—D(A—2)+dVA (5.6)
= 5 .
= —d, (modd). ((5.7))
Thus, n # 1 (modd).
So we must have n = 1, which is what we wanted to prove.
It follows that the class groups Clg), Clg)oo,s Clig)o,s @nd Clg)o 00, are all

distinct. Thus, by Theorem 3.2, the class fields L), L)oo, Ld)ooyr @04 Lgyoo; 00, ar€
all distinct. |

We are now ready to prove that Conjecture 5.1 implies the existence of a
Heisenberg SIC-POVM.

Theorem 5.4. Let d be an odd prime such that d = 2 (mod 3). Assume Conjecture 5.1,
and let M be the matrix constructed therein. Let o € Gal(L4),/Q) be any Galois
automorphism not fixing K; that is, o(v/A) = —/A. Then o(M) = vv' for a fiducial
vector v of a Heisenberg SIC-POVM.

Proof. The «,,, are Galois conjugate real algebraic units that generate L4, over K.

By Lemma 5.3, L4y # L(g)c0,- The @y, , must not be totally real, because if they were, they

would all lie in L 4,. Moreover, by (1), a_,, _, = a5, so the a,, , are Galois conjugate
-1

to their inverses. Take v € Gal(Lg)q,,/K) such that t(a) = o~ 1. Then, Ty ) = Ay

because Gal(L 4., /K) is abelian. Thus,
(010 ) (0 (@) =0 (0 ) ((5.8))
We have t = Artgy, where

R={B0g:B=1 (modd) and p,(8) > 0} € Clig,- ((5.9))
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18 G. S. Kopp

Thus, by class field theory, the fixed field of 7 is Lg) It follows that the class field

1 1

of oo™ € Gal(Ly),/K) is also L. Thus, oto™" must act by complex conjugation,

because L4, is the real subfield of the complex field L4, -

Thus, o (a,, ,) lies on the unit circle. It follows that |6 (v,, ,)| = \/dl?. From the
definition of M, we obtain Tr(MD,, ,,) = vy, ,- Thus,
|Tr (o0 Mo (D, )| * = Tr (0 (Mo (D,, ) (070~ (Tr (0 (M)o (D, 1)) ((5.10))
~ o (Tr (MD,,,,) * (Tr (D, ) (6.11)
=0 (VnV_m,—n) ((5.12))
1
=7 ((5.13))

Moreover, the action of o on the Heisenberg group is determined by its action of Q(¢,),
and there is some A € (Z/dZ)* such that o(D,, ,,) = 0(Dy, ;). So, by changing the value
of n, we have

1

= d—-i-l’ ((5.14))

|Tr (o MDD, , ;)| *

for all (m, n) # (0, 0). Now write o (M) = vw' for some v, w € C% with wiv = 1, which is
possible because M, and thus o (M), is rank 1 and idempotent. We will show that o (M)

is in fact a Hermitian projector; that is, w = v. Conjugation-transposition acts on o (M)

as follows:
oM =D 0Wn D =D D oW gy )DY = o (M), ((5.15))
m n m n
_ : _ 1 .
Thus, w = v. So (5.14) may be rewritten as (v,Dppnv) = Jar for (m,n) # (0,0); also,
(v,v) = 1. In other words, v is a fiducial vector for a Heisenberg SIC-POVM in c4, [ |

Conjecture 5.1 has been verified numerically ford = 5,11, 17, and 23. We discuss

each case in turn in Section 6.

6 Examples

In this section, we use Conjectures 5.1 and 5.2 to compute exact SIC-POVMs in dimen-
sions d = 5,11,17, and 23. In each case, our solutions represent the minimal multiplet

(in the sense of Appleby et al. [6] and Conjecture 4.1), or (in the case of d = 23) we expect
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SIC-POVMs and the Stark Conjectures 19

them to. Originally, the case d = 5 is due to Zauner [30, 31], d = 11 is due to Scott and
Grassl [21], and d = 17 is due to Appleby et al. [4]. The case d = 23 is new.

We numerically compute the numbers azpprox := exp(Z,(0)) for the ideal classes
A € Clig), (K), using Magma's built-in functions for evaluation of Hecke L-functions.
The azpprox are expected to be Galois conjugate algebraic numbers (see Conjecture 3.7);
in each case, we find that they indeed agree to high precision with Galois conjugate
algebraic numbers «§*?°. The a§*** are found by using Mathematica's built-in lattice
basis-reduction algorithms to compute the coefficients of a minimal polynomial f;(x)
over L, the Hilbert class field of K.

Next, we verify conditions (2) and (3) of Conjecture 5.1 and compute the minimal
polynomial g;(x) of a choice of v,. The latter is done by factoring f,;((d + 1)x2) over Ly,
in Magma. Finally, we verify that the v, satisfy condition (4) of Conjecture 5.1.

Let g, (x) denote a polynomial obtained from g,(x) by applying a Galois
automorphism o to the coefficients with the property that o (JZ) = —/A. The roots
Vi n Of gq(x) are real numbers, and we have already computed them not only as a set,

but also as an orbit of the Galois group G = Gal(Lg)e,/L(1))- The roots of g,(x) are

complex numbers of absolute value \/dl?, and they are the overlaps of the SIC-POVM
we are looking for. In order to compute a fiducial vector, we need to compute the Galois
action on them as well.

In each case (d = 5,11,17,23), the Galois group G = Gal(L(d)mz/L(l)) =
(Ox/dOx)™ /(gg) is a cyclic group of order n = %. Let y be a generator for (Og/dOx) ™,
so T = Art(4,) is a generator for G. Fix v = v; 5. We compute 7(v) in the monomial basis

{1,v,---v* 1} for L 4).,, OVer L:
n—1 )
T(v) = hg(v) = > ¢/, ((6.1))
j=0

where ¢; € L;). This is done by solving the following linear system for the c;.

T(v) 1 v . pn-l Co

2(v) ) 7 C1) WP 1 ¢1) Lt c
= _ ((6.2))
v 1 ") ..o g ie)nd Cn—1

The action on t on the roots of g,(x) is given by applying the polynomial k;(x), so the
action of a generator 7 for Gal (L(d)ool/L(l)) on the roots of g,(x) is given by applying the
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20 G.S. Kopp

polynomial

n—1
hax) =D t(c)x. ((6.3))

j=0

From the roots v,,, of g,(x), a fiducial vector v, is computed by applying
o to (5.3):

Q|+~

VdV:; =oM) = Z Z 1~)m,nD—m,—)»n‘ ((6.4)

As we have not kept track of the action of o on roots of unity, we must check different
values of A € (Z/dZ)* until we find one that works.

While this method produces an exact fiducial, we write down only a numerical
fiducial in the examples that follow and in the accompanying text files. (We have already
specified v, exactly up to a Galois action by writing down g,(x), and the minimal
polynomials of its entries have prohibitively large coefficients in some cases.)

In the cases d = 5, 11, and 17, the coefficients of g,(x) live in K, so g,(x) is
determined by g;(x). In the case d = 23, the coefficients of g,(x) live in a degree 2
extension of K, so there are two choices for g;(x). The two choices lead to two different
PEC(23)-orbits, 23b and 23f.

The ancillary text files accompanying this paper contain expressions for
f1(%),94), h (x), and v, in the case d = 23, expressions for related polynomials
g5(x) and hj(x) are given instead, as explained in Section 6.4. The ancillary files are
dim5.txt,dimll.txt,diml7.txt, diml3.txt, and hstar23.txt.

6.1 The exampled =5

In dimension d = 5, the corresponding quadratic discriminant is A = (d—3)(d+1) = 12.
The real quadratic base field is K = Q(+v/A) = Q(+/3), with Zauner unit ¢ = %Z =
2+ 43 equal to the fundamental unit.

There is exactly one PEC(5)-orbit of Heisenberg SIC-POVMs [21].

We construct “the” Heisenberg SIC-POVM in dimension 5 explicitly using
Conjecture 5.1 and Conjecture 5.2. The ray class group Cly,,, (K) = Z/8Z. The numbers

ozflp prox exp(Z,(0)) were computed to 50 digits of precision and were found to
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SIC-POVMs and the Stark Conjectures 21

numerically satisfy the following polynomial f;(x) over K.

fs(x) = x8 — (84 5v3)x” 4 (63 + 30v/3)x® — (156 + 90v/3)x> + (225 + 130+/3)x*

— (156 + 90v/3)x® + (53 + 30v/3)x* — (8 + 5v/3)x + 1. ((6.5)
The minimal polynomial of the corresponding v, is

g5(%) = 1296x% — (648 + 1080v/3)x” + 648x° 4 (864 + 360+/3)x°> — (540 + 360v/3)x*

+ (144 + 60v3)x® + 18x% — (3 + 5v/3)x + 1. ((6.6))
The overlaps of the Heisenberg SIC are the roots of the conjugate polynomial

G5(x) = 1296x° — (648 — 1080v/3)x” + 648x5 4 (864 — 360+/3)x° — (540 — 360+/3)x*

+ (144 — 60+/3)x® + 18x% — (3 — 5v3)x + L. ((6.7))
A numerical approximation to a fiducial vector is

0.24167903563278788347
—0.42393763943145804455 — 0.23674553208033493698i
Vg A 0.67406464953559540185 + 0.195810078818006326307 | - ((6.8))
0.04040992380093525849 — 0.195810078818006326301
0.34218699574986301405 + 0.236745532080334936981

6.2 The exampled =11

In dimension d = 11, the corresponding quadratic discriminant is A = (d —3)(d + 1) =
96. The real quadratic base field is K = Q(v/A) = Q(+/6), with Zauner unit ¢ = %Z =
5+ 26 equal to the fundamental unit.

There are three PEC(11)-orbits of SIC-POVMs [21], denoted 11a, 11b, and 11c.
They occur in two multiplets, {11a, 11b} and {11c}.

We construct the orbit 11c explicitly using Conjectures 5.1 and 5.2. The ray class

group Cld002 (K) = 7Z/40Z. The numbers a, = exp(Z,(0)) were computed to 50 digits of
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22 G. S. Kopp

precision and were found to numerically satisfy the following polynomial f;, (x) over K.

fL@® = &* +1) + (106 — 44V6)(x*° + x) + (10614 + 4334V/6) (x°® + x7)
+ (—652115 — 2662227/6)(x°7 + x°) 4 (27825305 + 11359634+/6) (x°¢ + x*)
+ (—877414856 — 358203120+/6)(x°° + x5)
+ (21232702036 + 8668214302/6)(x>* + x5)
+ (—404105217077 — 164975264036+/6) (x> + x7)
+ (6148885983306 + 2510272190954+v/6)(x>2 + x®)
+ (—75622522312964 — 30872765454828+/6)(x° + x°1)
+ (756937617777704 + 309018488445524+/6)(x'° + x°0)
+ (—6189687857216636 — 2526929486213638+/6)(x'! + x%°)
+ (41399992237530827 + 16901476056189164+/6)(x'? + x%8)
+ (—226256732983154420 — 92368924446311502+/6) (x'3 + x27)
+ (1007258543741292244 + 411211578537502754+/6) (x'* + x2°)
+ (—3634879852543059214 — 1483933485842242424+/6)(x'° + x%%)
+ (10563883893311542549 + 4312687540103174716+/6)(x'® + x%%)
+ (—24534973105051444408 — 10016360826714109164+/6)(x'7 + x%%)
+ (45162757813812803926 + 18437618670122548666+/6)(x'® + x?2)
+ (—65380387193394562674 — 26691431301568773124+/6)(x'% + x21)

+ (74013773227204686051 + 30215996390786346646+/6)x%C. ((6.9)
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The minimal polynomial of the corresponding v, is

911(x) = (1220%%0 4 1) 4+ (48 4 22v6)(12'°%%% + x) + (1968 + 792v/6)(12'8x38 + x?)
+ (25848 + 10560v/6)(12'7x%7 + x%) 4+ (—419472 — 171072v/6)(12'6x3% + x*)
+ (—18892224 — 7714080+/6)(1215x%° + x%)

+ (—181457280 — 740741767/6)(121*x%* + x5)

+ (2141686656 + 874329984+/6)(12'3x% + x7)

+ (62948109312 + 25698435840+v/6)(1212x32 + x8)

+ (337583904768 + 137818340352+/6) (121 %31 + x7)

+ (—5182578339840 — 2115780175872+/6)(121°%%0 + x10)

+ (—83855167709184 — 34233724293120+/6)(12°x%° + x'1)

+ (—202894373007360 — 82831288725504+/6)(128x%8 + x'2)

+ (4929898807885824 + 2012622741651456+/6)(127x%7 + x'%)

+ (47257471319703552 + 19292782106492928+/6)(125x26 + x'%)

+ (45726669189808128 + 18667833415925760+/6)(12°x2° + x!5)

+ (—1783877902738587648 — 728265100678004736+/6)(12%x%* + x'6)

+ (—11823467430652674048 — 4826910371186737152v/6)(123x%% + x'7)
+ (—11846897461773729792 — 4836475651119906816+/6)(12%x%% + x'8)
+ (215144426763866603520 + 87832344582220677120+/6)(12x2! + x'9)

+ (1246186807345680482304 + 508753633031010385920+/6)x2°. ((6.10))
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A numerical approximation to a fiducial vector is

0.31885501173446151953
—0.00727092982813886277 — 0.273619888482961836411
—0.02661472547965484998 — 0.370219847619976603801

0.26103622782810404567 — 0.175194923086552377631
—0.17130782441847984905 — 0.00498132225998709619i
v & 0.115894663935244395576 + 0.023682353557509036148i | . ((6.11))
—0.20515008071739008667 — 0.154087414856732759461
—0.12010487681658182011 4 0.122976538259751584371

0.24462906391022207471 — 0.16496679971724189093i

0.56644313698737356128 + 0.078791099442681399501

0.16629395529532658791 — 0.079297176568226548421

6.3 The example d =17

In dimension d = 17, the corresponding quadratic discriminant is A = (d — 3)(d +
1) = 252. The real quadratic base field is K = Q(/A) = Q(+/7), with Zauner unit
&= M = 8 + 34/7 equal to the fundamental unit.

There are three PEC(17)-orbits of SIC-POVMs [21], denoted 17a, 17b, and 17c.
They occur in two multiplets, {17a, 17b} and {17c}.

We construct the orbit 17¢c explicitly using Conjectures 5.1 and 5.2. The ray class
group Cldoo2 (O,g) = 7/967Z. The numbers «a, = exp(Z,(0)) were computed to 50 digits of
precision and were found to numerically satisfy the a polynomial f;,(x) over K. Values
of f1,(x), g;7(x), h;;(x), and a fiducial vector v,, may be found in the accompanying text
file dim17. txt.

6.4 The example d = 23

In dimension d = 23, the corresponding quadratic discriminant is A = (d — 3)(d +
1) = 480. The real quadratic base field is K = Q(+/A) = Q(+/30), with Zauner unit

= % = 11 4+ 24/30 equal to the fundamental unit. Unlike our previous examples,

&
Ok is not a principal ideal domain, but rather has class number 2.

According to previous numerical searches, there appear to be six PEC(23)-orbits
of SIC-POVMs [21], denoted 23a, 23b, 23c, 23d, 23e, and 23f. We have explicitly computed

one multiplet consisting of two PEC(23)-orbits using Conjecture 5.1; Markus Grassl has
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checked that our solutions are unitary equivalent to {23b, 23f} [14]. We expect, but have
not shown, that the other four orbits form a multiplet {23a, 23c, 23d, 23e}.

The ray class group Cly,,(K) = Z/2Z x 7Z/176Z. The numbers ajpprox
exp(Z,(0)) were computed to 500 digits of precision (overnight in 16 parallel threads).
The values app - = exp(Z, (0)) (corresponding to the principal ideal classes) were
found to numerically satisfy fhe a polynomial f,5(x) over the Hilbert class field L, =
Q(v/5,6).

In this example, the number v/d + 1 = 2+/6 is in the Hilbert class field L), sowe
simplify our calculation somewhat by computing g5, (x) = g3 (2\/5)() instead of gy3(x),
and by computing a polynomial h},(x) for the action of a Galois group generator on a
root of g5,(x). Values of f)3(x), g55(x), and fiducial vectors v,;, and v,5¢ for 23b and
23f may be found in the accompanying text file dim23. txt; the value of hj,(x) may be
found in h23star. txt.
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