THE SHINTANI-FADDEEV MODULAR COCYCLE: STARK UNITS
FROM ¢-POCHHAMMER RATIOS

GENE S. KOPP

ABSTRACT. We give a new interpretation of Stark units associated to real quadratic fields
as real multiplication values of a modular cocycle. The cocycle of interest is a meromorphic
factor describing the modular transformations of the g-Pochhammer symbol and is related to
the Shintani-Barnes double sine function and the Faddeev quantum dilogarithm. We prove
a refinement of Shintani’s Kronecker limit formula that relates square roots of Stark class
invariants to real multiplication values of the cocycle, which are cohomological invariants.
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In the theory of singular moduli, special values of modular functions generate abelian

Galois extensions of imaginary quadratic fields.

Such modular functions may be speci-

fied as ratios of products of ¢g-Pochhammer symbols (for example, eta quotients and theta
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quotients)—in particular, theta quotients yield elliptic units. In this paper, we prove that
certain other ratios of g-Pochhammer symbols meromorphically continue as a function of 7
(with ¢ = €*™7) to a region that includes an open subset of the real line, where their special
values at real quadratic points are closely related to certain special values of L-functions at
s = 0. Then, under the assumption of a version of the Stark conjectures, limiting ratios of
g-Pochhammer symbols generate abelian extensions of real quadratic fields.

The central objects of interest are the Shintani-Faddeev Jacobi cocycle (m, A) — om (2, T)
and the closely related Shintani—Faddeev modular cocycle (with characteristics r) A
WE(T)H The Shintani-Faddeev Jacobi cocycle is a mapping from the Jacobi group Z? xSLy(Z)
to complex meromorphic functions that serves as a generalized factor of automorphy describ-
ing the modular transformation law of the g-Pochhammer symbol. The function oy 4(z, 7)
has been identified by Dimofte (in a slightly different form) as a partition function of a
certain topological quantum field theory on a squashed lens space [24]. It has been called
both the rarefied hyperbolic gamma function and the generalized noncompact quantum dilog-
arithm by Sarkissian and Spiridonov [60]; it has also been studied by Garoufalidis and
Wheeler [30] and Wheeler [76]. It generalizes the Shintani’s double sine function [65,66]
(named by Kurokawa [46]), which was rediscovered by Faddeev [25] and is called the non-
compact quantum dilogarithm in the physics literature. Our name—the Shintaini-Faddeev
Jacobi cocycle—was chosen to emphasize the basic algebraic role of the function (as a mero-
morphic cocycle for the Jacobi group) and its dual history (and importance) in number
theory and physics.

Our main theorem, Theorem expresses a Stark class invariant as the square of a real
multiplication (RM) value of the Shintani-Faddeev modular cocycle (or equivalently, an RM
value of the Shintani-Faddeev Jacobi cocycle), up to an explicit root of unity. The Stark
class invariant is the value exp(—Z4(0)) for a Dirichlet series Zy(s) that is defined as the
difference of two ray class partial zeta functions of a real quadratic field F'. Stark conjectured
that the value exp(—Z4(0)) is an algebraic unit in an abelian extension of F' [71-73]. Tate’s
refinement of Stark’s conjectures includes the further prediction that the square root of this
invariant is in an abelian extension of F' [75]. The square roots we obtain from RM values of
w* are sometimes positive and sometimes negative, and the sign defines a new class invariant.
The sign plays a key role in an application to quantum information theory, the construction of
symmetric, informationally complete, positive operator-valued measures (SIC-POVMs) [2].

1.1. The Shintani—Faddeev Jacobi and modular cocycles. Before stating our main
theorems, we give a short, self-contained description of the transcendental functions of in-
terest. Here and throughout the paper, we use the notation e(z) := €*™* for the complex
exponential.

Form = (1) € Q* and A = (2%) € SLy(Z), we will consider the following infinite
product defined for (z,7) € C x H:

] o2 + (my + K)TE — my)

_ ct+d ct+d
Om,a(2,7) = 1}_10 1 —e(z+kT)

This product will often be written as a ratio of two infinite g-Pochhammer symbols

o (z 7_) _ (e(ﬁi +m2?77:——|—i_2 - ml) ’e(Z:S))OO
mA (e(2),e(7))m ’

IThe notation w4 (7) uses the Hebrew letter shin. See Section |§| for typesetting information.
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using the notation (w, q)e = [[rey(1 —wg"). We will also write oy, 4(z, 7) for a meromorphic
continuation of this function, and we will interpret

Um,A(z0> 7_) = zh—>nzlo Um,A<Zv T)

when necessary, for example, when there are zeros in the numerator and denominator of the
product formula.

The Shintani—Faddeev Jacobi cocycle is the function from Z? x SLy(Z) to a space of mero-
morphic functions giverf] by (m, A) — oma. For (m, A) € Z* x SLy(Z), the function
0m, (2, 7) has a meromorphic continuation to the domain C x Dy, where
C\ (—o0,—d/c] ifec>0,

C if c=0and d >0,
H ifc=0and d<0,
C\[-d/c,0) ifec<O.

Dy =

Let r € Q?, and consider the congruence group
I, ={A€SLy(Z): Ar —r € Z?}.
Define the “shin” function to be
Wi (7) = 0v,4(0,7);

it continues meromorphically to 7 € D4. The Shintani—Faddeev modular cocycle is the
function from I';. to a space of meromorphic functions given by A +— @y.

1.2. Partial zeta functions and the Stark conjectures. We now describe the definitions
of the ray class groups and zeta functions needed for the statement of the main theorem.
Let F' be a number field and O be an order in F'. Let m be an ideal of O and X a subset
of the set of real embeddings of F'. The following algebraic structures are defined in [43}/44]
and generalize the standard definitions from class field theory to arbitrary orders.

The ray class group of the order O modulo (m, ) is
Tn(0)
Clux(0) = =2 ,

723( ) Pm,E(O>
where
Jn(O) = {invertible fractional ideals of O coprime to m}, and
Pux(0) = {aO such that « =1 (mod m) and p(a) > 0 for p € 3}.

The flat imprimitive ray class monoid is

it (0) = (@),

~m,%

where
T(0) = {a € J5(0) : a0[S'] € O[Sz} with

Sw={a€0:a0+m=0},
2For m € 72, om,a does not depend on m; (but does depend on ms); indeed, this vestigial variable

does not appear in treatments [24,/60]. We keep it for bookkeeping purposes, to emphasize the Jacobi group
action.
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and the equivalence relation ~, 5, is defined by

de € jﬁ;(@) and «, 8 € O[S,'] such that a = ac, b = S,

Pt S e molS, . sen(p(a)) = sen(p(d)) for all p € .

The submonoid of zero classes is
ZClm,, ;,(0) = {P] € Clm,, 5,(0) : 2 C m}.

If the real embeddings of F' are labeled py,...,p, and £ = {p;,,...,pj.}, the pair (m,X)
may be abbreviated as moo;, - - - 00j, .

Let 2 Clm]bn’z((’)), and let R be the element of Cly, »(O) defined by
R:={a0:a=-1 (mod m) and p(«a) > 0 for all p € X}.

For Re(s) > 1, define the ray class partial zeta function and the differenced ray class partial
zeta function, respectively, by

Gnx(s,2) =) Nm(a)™, a

ae

ng(S,Q[) = Cm,2(579l) — Cmg(s, %Q[)

The Takagi existence theorem associates to the ray class group Cly, (OFr) a ray class field.
This correspondence is extended to nonmaximal orders by [44, Thm. 1.1], which associates to
Cli,x(OF) the ray class field HSy, of O modulo (m,X), a particular abelian Galois extension
of F' with certain properties.

A famous series of conjectures of Stark connects the leading term of the Taylor series
expansion of partial zeta functions at s = 1 to units in abelian extensions. More generally,
the Stark conjectures describe generalized regulators for Artin L-functions of possibly non-
abelian Galois extensions [69-73|. The present paper is concerned only with the rank 1 Stark
conjecture in the abelian case with real quadratic base field.

For a real quadratic field F' and 2 € Clyoo, (OF), the Stark conjectures predict that the
real number

eXP(—Zpoc, (0, 24))

is an algebraic unit ey. Except in trivial cases (when exp(—Z;,.,(0,2)) = ey = 1), Stark
conjectured that HY? = F(ey). He also conjectured a compatibility with the Artin map:

moog

(Art(2A))(gia) = eq. Tate’s refinement of the Stark conjectures |75] includes the claim that
F (5;[/ ?) is abelian over F', which he attributes to Stark.

1.3. Eta-multiplier and theta-multiplier characters. The Shintani—Faddeev cocycles
are intimately connected to the Dedekind eta function and Jacobi theta functions, which
are half-integral weight modular forms with character. The properties of these functions are
reviewed in Section [2] For now, we describe their characters briefly in order to state the
main theorem.

For 7 € H, the Dedekind eta function is

( )Iill (1 —e(kT))
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. . . . 7+b
Under the fractional linear transformation action A -7 = 45 of A = (25) € SLy(Z), the
eta function transforms by

U(GT—H)) Iw(A, \/CT—i-d) Ver +d n(r).

ct +d

Here v is a character of the metaplectic group (see Section taking values is the group
of complex roots of unity p(C). (In fact, its values are all 24-th roots of unity.) Its square
is a bona fide character of the modular group: ¥? : SLy(Z) — peo(C). A formula for 1) due
to Rademacher is given as Theorem [2.4]

Forr = (;}) € Q* and 7 € H, the Jacobi theta function with characteristics r is

o0

0.(1) = Z e(% (n+7‘2+%)27'+ (n+r+3) (—7“1—1-%)).

n=—oo

Under the fractional linear transformation action of A = (¢%) € T, this theta function
transforms by

O (A7) :zp(A, \/CT+d>3xr(A)\/CT+dGr(T). (1.1)

The character x, : I'y = pieo(C) is given by the formula
1
Ye(A) == —(—1)52(Ar_r)e<—§ det (Ar r)) , where (1.2)

q o |1 a2z
2V =00, ifq ¢ 272

For proofs of (1.1) and (|1.2)), see Theorem and Lemma [2.15]

1.4. Main result: a limit formula. The main theorem relates a generalized “Stark class

invariant” exp(Zy,.,,(0,20)) to a limit of ratios of g-Pochhammer symbols. It may be consid-

ered a refinement of Shintani’s Kronecker limit formula in the real quadratic case [65]. Its
statement does not require Shintani decomposition or continued fractions.
Theorem 1.1. Let O be an order in a real quadratic field F' C R, with Galois conjugation

map x — ', and let m be a nonzero O-ideal. Let A € Cl_mI:nOOQ(O) \ ZClrnfn’E((”)), let Ay be
the class of A in C1(O), choose some b € Ay coprime to m, and write bm = a(BZ + Z) for
some a, 3 € F such that « is totally positive and 8 > '. Choose v = (71) € Q* such that
a(reff —r)O € b and rofff —ry > 0. Write

{Bel,:B-p=p8}=(A) or (-1, A)

. ——D ——D .
with A (%) =X (%) for A\ > 1. Let n = m, where ¢ : Clm, . ., (O) — Clm,,,(O) is
the natural quotient map. Then

OXP (123100, (0,20)) = (72X ) (A) Wi (B)*, (1.3)
where W' denotes the Shintani—Faddeev modular cocycle. Explicitly, the value

(ﬁjyaqy%o T = 1_@11&5

where the parameters in the product are q, = e(B +yi), w, = e(r2(B+yi) —r1)), ¢ =
e(A- (B+wyi)), and w, = e(r2(A- (B +yi)) —r1).
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The proof of Theorem [I.1]relies on most of the lemmas in the paper and will be completed
in Section 8.1 The key idea of the proof is to use the cocycle condition to “telescope” a
variant of Shintani’s formula based on a continued fraction expansion.

The statement of Theorem could be made slicker in several ways, at the expense of
hiding some of the complexity behind further definitions.

e The value @i (7) in Theorem 1.1]is a real multiplication (RM) value of the cocycle @*,
as defined in Section It may be written as

v (] == wi(7),
as it only depends on the real quadratic number . Indeed, it also depends only on

the class of @' in a certain cohomology group.
e The RM values of the Jacobi cocycle coincide with those of the modular cocycle:

olre — 1, 6] = 2" (4],

although this equivalence hides a shift in the elliptic variable in the definition of
the RM value. Thus, Theorem may also be understood as a result about the
RM values of Shintani-Faddeev Jacobi cocycle. From this perspective, the theorem
exhibits all Stark class invariants of ray class fields over real quadratic fields as RM
values of a single object, the Jacobi cocycle o.

e The characters could be absorbed into the definition of either the modular or the
Jacobi cocycle. In particular, if one defines the “samech cocycle” to be

o4 (1) = (V72X )(A) wi(7)”,
then becomes
D (1 Z4p, (0,2)) = B[],
and the matrix A may be left out of the theorem statement.

We give a corollary to Theorem that is particularly essential to the construction of
SIC-POVMs in [2].

Corollary 1.2. If 3 is a real quadratic number, r € Q?, and
{Bel,:B-p=p8}=(A) or (-1, A)

such that A(2) = X(%) for X > 1, then o°[8] = (¥~2x;")(A)W4(8)* is a positive real
number.

Proof. By Theorem |3.14} every such pair (r, 3) corresponds to some 2 € Clmb O) in the
moog
e, (0,20) € R, it follows from (L-3)) that (¥ ~2x;1)(A) w5 (8)°

manner of Theorem|1.1, Since Z/
is a positive real number. [l

1.5. Conditional results and conjectures: algebraicity. If one assumes an appropriate
version of a Stark conjecture, our main theorem implies that the RM values of the Shintani—
Faddeev cocycle lie in abelian extensions of real quadratic fields, at least in the maximal
order case.

Theorem 1.3. Assume Conjecture (a consequence of Tate’s refinement of the Stark
conjectures). Let 3 € R such that af* 4+ bB + ¢ = 0 with a,b,c € Z, b* — 4ac not a square,
and let r € Q2.

(1) There exists some n € N such that @"[3]" is an algebraic unit in an abelian extension

of FF'=Q(p).



8 GENE S. KOPP

(2) If b* — 4dac is a fundamental discriminant, then we may take n = 1. Moreover, if
¢ = PBZ+Z, and m is the kernel of the Op-module map Op — ((r28 —r1)OF +¢)/¢
giwven by 1 — rof8 — 1y, then O[] € Hypoo, -

We conjecture that the assumption in Theorem (2) that the discriminant is fundamental
(equivalently, that (8Z + Z : fZ + 7Z) = Op) is unnecessary. It is not clear whether that
conjecture, stated below as Conjecture [[.4], follows from the Stark conjectures and their
existing refinements. Obstructions to proving this include discrepancies in Euler factors
between “Galois-theoretic” and “ray class-theoretic” L-functions in the non-maximal order
case, as well as the failure of some pairs (r, 5) to be in the image of primitive classes under
any of the maps T, in Theorem . Numerical evidence for Conjecture is given in [2].

Conjecture 1.4. If § € R such that a3? +bB+c = 0 with a,b,c € Z, b* — 4ac not a square,
and v € Q?, then w*[3] is an algebraic unit in an abelian extension of Q(B). Moreover, if
m is an O-invertible ideal such that (r,5) € Mow in the notation of Theorem then
O"[5] € Huoos -

In addition to these results and conjectures, it is natural to ask for:

(1) a precise description of the field generated by /0% [3] = /(¥ =2x;1)(A) w4 (), as a
ray class field or a subfield thereof, and
(2) an analogue of the Shimura reciprocity law, that is, a complete description of the

action of Gal(Q/Q(f)) on the values *[3].

It is possible to deduce a Shimura reciprocity law for the squares @*[3]?, in the fundamental
discriminant case, from the Stark conjectures and the results of the present paper. How-
ever, we are hopeful that the study of SIC-POVMs and related objects will help produce
conjectural answers to (1) and (2), and we postpone these lines of inquiry to future work.

1.6. Prior work. The function oy, a(2,7) defining the Shintani-Faddeev Jacobi cocycle is
studied under other names by Dimofte [24] and Sarkissian and Spiridonov [60] in mathe-
matical physics and by Garoufalidis and Wheeler |30] and Wheeler [76] in the context of
low-dimensional topology and quantum modularity, with Chern—Simons theory playing a
central role for both sets of authors.

Yamamoto first suggested that Shintani’s formula for the Stark unit would “telescope”
down to a limit of an absolute value of a ratio of ¢-Pochhammer symbols, showing this in one
example and suggesting that the general case could be handled using continued fractions [79].
Our Theorem brings Yamamoto’s idea to its fulfillment while also removing the absolute
value and giving a cocycle interpretation.

The present author has previously given another limit formula for ray class partial zeta
function of real quadratic fields that also does not require Shintani decomposition or con-
tinued fractions [42]. That formula, which is substantially more complicated, relied on a
different continuous interpolation of the arithmetic zeta functions, using Mellin transforms
of non-holomorphic indefinite theta functions.

Outside of the lines of research opened by Shintani and Faddeev, variants of the double
sine function have appeared in other areas of mathematics. One such variant is the quantum
exponential function in the theory of quantum groups; see Woronowicz [77]. A related
function also appears in the work of Malyuzhinets on wave diffration in a wedge-shaped
region; see the review [55] and the references therein.
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Several constructions in the number theory literature have both similar names and an
indirect mathematical relationship to the Shintani-Faddeev cocycles. The Shintani cocycle
constructed by Solomon [67,/68] is a cocycle for SLy(Z) (or, with appropriate modification,
GL2(Q)) valued in power series that may be used to evaluate ray class zeta functions of real
quadratic fields at nonpositive integers; Hill’s generalization applies to totally real fields [33].
Sczech’s Fisenstein cocycle [15]16,/61] is related to the Shintani cocycle but encodes Shintani’s
Kronecker formula for the derivative of a ray class partial zeta function of a totally real field at
s = 0 by means of an integration pairing with cycles. The Shintani and Eisenstein cocycles
allow for p-adic interpolation, and the Eisenstein cocycle plays an important role in the
work of Dasgupta, Kakde, and Ventullo on the Gross—Stark and Brumer—Stark conjectures
[21-23]. The rigid meromorphic cocycles of Darmon and Vonk [19,120] (and, in particular,
the Dedekind—Rademacher cocycle) are p-adic rigid meromorphic modular 1-cocycles for

SLo (Z [%]) whose real multiplication values are conjectured (and in some cases, proven)

to be algebraic numbers in abelian extensions of a real quadratic field. Finally, papers of
Radchenko and Zagier [58] and Choie and Kumar [17] discuss (but do not formalize) a cocycle
interpretation of the Herglotz—Zagier function, which (conjecutrally) produces rank 2 Stark
regulators in the real quadratic case.

1.7. Applications and future work. Work of Marcus Appleby, Steven Flammia, and the
author uses the Shintani-Faddeev modular cocycle as part of a conjectural construction of
symmetrically complete positive operator-valued measures (SIC-POVMs) [2]. The Shintani—
Faddeev modular cocycle provides the “correct” signed square roots of the Stark units needed
to extend the present author’s previous results on the problem [41] to arbitrary dimension.
The construction of SIC-POVMs may be viewed as a geometric interpretation of Stark units.

Many future research directions naturally stem from this paper. Elucidating the precise
mathematical relationships between the Shintani-Faddeev cocycle and the various cocycles
discussed in Section is an important (and far from trivial) undertaking. Investigating
RM values of other, generally noncommutative, “quantum modular cocycles” studied by
Garoufalidis and Wheeler [30] and Wheeler [76] is sure to prove interesting. More broadly, one
hopes to make sense of the myriad possible connections to quantum modularity, knot theory,
3-manifolds, topological quantum field theory, and gauge theory. Another future direction
of research may be to align the constructions in this paper with Manin’s noncommutative
geometry perspective on real multiplication [50].

The author is hopeful the results of this paper will eventually be extended to arbitrary
(not just totally real) number fields. For example, in the complex cubic case, the analo-
gous 1-cocycle for SL3 seems to come from the elliptic gamma function |26} 27]—this has
been partially shown by the impressive work of Bergeron, Charollois, and Garcia [11], but
further work would be needed to define the cocycle precisely, remove the a-smoothing, and
characterize arbitrary “stable values” of the cocycle. One can make some educated guesses
that hint at a program for general number fields to realize Stark units and variants thereof
as stable values of function-valued (r; + ro — 1)-cocycles for SL,,. However, much work is
needed to pin down the details in the totally real (1, = 0) and almost totally real (1, = 1)
cases, and genuinely new ideas will be needed in the general case.

1.8. Structure of this paper. We briefly outline the format of the paper.
Section |2 proves needed basic results about g-Pochhammer symbols, eta functions, theta
functions, and the characters ¢ and x,. Content that can be found elsewhere is summarized
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with references to proofs provided. The identities we desire for the character x, do not
appear to be in the literature in the form we need and so must be proven in detail.

Section |3| provides background on ray class monoids and describes how ray classes are
associated to “real multiplication points” in a moduli space.

Section [4] introduces the Shintani-Faddeev modular and Jacobi cocycles and defines their
stable values (including real multiplication values). It relates them to the theta functions,
eta functions, and characters describes in Section 2] A more sophisticated perspective on
these cocycles is provided in Section |5 by a form of equivariant cohomology. Specifically,
¥" is an element of a first cohomology group of the global sections of I'.-invariants of a
certain complex of sheaves. This approach is reminiscent of Bekki’s work on Eisenstein and
Shintani-Barnes cocycles [10] but is not directly compatible.

Section [0] defines the partial zeta functions of interest, proves relations between different
types of partial zeta functions, and connects a few different versions of the Stark conjectures.
Section [7| focuses on evaluating partial zeta functions at s = 0. It uses continued fractions
following the approach of Tangedal [74]. Several technical results on continued fractions and
related quantities are required, and their proofs constitute a large portion of that section.

The proofs of Theorem and Theorem are completed in Section [§, Some further
implications are discussed, and a numerical example is provided.

1.9. List of notation. The following list describes some of the notation used in the paper
that is nonstandard, uncommon, new, or holds some potential for confusion.
e ¢(z) = e¥™ for 2 € C,
e CU{oo} is the Riemann sphere (which can be identified with P!(C)).
e H:= {7 € C:Im(7) > 0} is the upper half plane.
e Vectors are assumed to be column vectors unless otherwise stated; the transpose of
a vector v is v'.

o If v =(33)and w = (53) are vectors, the “standard” symplectic form is denoted

[v,w] := —det (v} ws ) = Vawq — VyWs.
o Ifr=(7})€R?and 7 €C, then [[r, 7] :=[r,(])] = ro7 — 11.
o If A=(2%) e SLy(R) and 7 € C, then js(7) := c7 + d, and s4(7) = sgn(ja(7)).
o If A=(2}) € SLy(R) and 7 € CU {oo}, then A -7 := ¢,
e If (m, A) € Q2 x SLy(Q) (the rational Jacobi group) and (z,7) € C x (C\ Q), then

(m, A) - (z,7) := (L + [m, A7 ,A~7’>, and A-(z,7):=(0,A) - (z,7).

ja(r)
e For r € Q% the group I';, = {4 € SLy(Z) : Ar —r € Z?}.
o If F'is a number field, then py,..., p,, are its real embeddings, and ooy, ...,00,, are

formal symbols denoting the associated real places. If F' is a real quadratic field,
we will sometimes fix a choice of real embedding F' C R and denote p;(x) = = and
pa2(x) = o’ for x € F, so that x — 2’ is the nontrivial Galois automorphism.

® Cguaa is the set consisting of those irrational complex numbers that are roots of a
degree two polynomial in Z[z], Ryuad = Cquaa N R, and Hgpaa = Cquaa N H.

e If Ris a commutative Noetherian domain with fraction field F', and a, b are fractional
R-ideals (that is, finitely generated R-submodules of F'), then the quotient ideal is
the fractional ideal (a: b) = {y € F: vb C a}.

e If R is a commutative ring and a, b are R-ideals, then a and b are coprime, or a is
coprime to b, if a +b = R. This terminology will be used even in rings that are not
Dedekind domains, particularly non-maximal orders of number fields. Additionally,
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if R is a commutative Noetherian domain, then a fractional ideal ¢ is coprime to an
integral ideal m if ¢ = ab~! for an integral ideal a and an invertible integral ideal b
such that a and b are both coprime to m.

o If r =(;!) € R? then {r}:= (T“L”J”)

ro—|r2]

e The character ¢» on Mp,(Z) is a variant of the Rademacher/Meyer invariant and is
defined in Theorem 2.4

e The character y, on I'y is defined in Theorem [2.14} see Lemma for a simplified
formula.

e The theta function 9J,(z,7) is defined in Definition 2.8 and 6,(7) = 9,(0, 7).

e The ray class group of an order Cl,x(O) and the associated ray class field of an
order Hn(?,E are defined in Section . We set Hyx; = Hn(?g

e The flat imprimitive ray class monoid Clmk:n’z((’)) is defined in Section , together

with its submonoid of zero classes ZClmEn’Z((’)).

e For A € SLy(Z), the complex domain D, is defined in (4.2), and the complex domain
D, is defined in .

e The function om (2, 7) is defined in Definition [4.16]

e The function @f(7) is defined in Definition [4.18|

e The “stable value”/“RM value” notation w[f5] (e.g., with w = @*) is defined in
Section [4.4] for modular cocycles and Section for Jacobi cocycles.

o Hirzebruch—Jung (HJ) continued fractions and Hirzebruch—Jung (HJ) cycle data are
defined in Section [7.1], with attached notation.

2. PRELIMINARIES ON ¢-POCHHAMMER SYMBOLS AND HALF-INTEGRAL WEIGHT
MODULAR FORMS

In this section, we will provide some necessary foundational definitions and results about
g-Pochhammer symbols as well as certain (fractional weight) modular forms on congruence
subgroups of SLy(Z) and its metaplectic cover Mp,(Z).

2.1. SLy and the standard symplectic form. For a commutative ring R with unity, the
group SLo(R) is the same as the symplectic group Spy(R) (a special case of the general
symplectic group Sp,, (R)). In particular, the 2 x 2 symplectic group is defined to be

Spy(R) = {(21) € Mataa(R) : (¢5)" (%) (28) = (%0}

those matrices preserving the standard symplectic form [u,v] := u' (% })v. Examining

this condition, we note (¢8)" (9 1) (ab) = (_(a;’_bc) “dabc), so the condition is equivalent

to ad — bc = 1.
We also introduce the notation [[u, 7] := [u, (1)] = ueT — uy for u = (4}).

2.2. Fractional linear transformations. The special linear group SLy(R) acts on CU{oo}

by the fractional linear transformation action (25) -7 = % (with (25) 00 =2), and this
action restricts to an action on the upper half plane H. If 7 = (2%) € SLy(R) and 7 € C,

we define
Ja(t) :==cr+d
and note that j satisfies the cocycle relation ja, 4,(7) = Ja, (Aa - 7)ja, (7).
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If A € SLy(R) is hyperbolic, meaning that Tr(A) > 2, the action of A on CU {oo} has two
fixed points, both in RU {co}. Following Katok [38], the attracting fized point  of A is the
fixed point satisfying 5 = lim,,_,., A" - 7 for all (equivalently, any) 7 € H. Equivalently, (f)
is an eigenvector of A with eigenvalue greater than 1.

A real number generating a quadratic extension of Q will be called a real quadratic number,
and the set of all real quadratic numbers will be denoted Rqyaq. If B is a real quadratic
number, we denote by /' its unique nontrivial Galois conjugate. If A € SLy(Z) is hyperbolic,
then its fixed points are two Galois conjugate real quadratic numbers. The set of all complex
numbers generating quadratic extensions of QQ will be denoted Cgya4, and those in the upper
half-plane by Hyyaa = Cquaa N H.

The real Jacobi group is the semidirect product R? x SLy(R) with group operation

(m, A)(n, B) = (m + An, AB).
The Jacobi group acts on C x H by the Jacobi action

m, A) - (2,7) = [ ——
When the right-hand side of is well-defined, we will use the same notation (m, A)-(z, 1),
even when (z,7) ¢ C x H. In particular, the Jacobi action gives an action of the rational
Jacobi group Q* x SLy(Q) on C x (C\ Q).

Of particular import is the integer Jacobi group Z* x SLy(Z), which is used to describe the
transformation laws of theta functions. The subgroups Z? x {I} and {0} x SLy(Z) describe
elliptic transformations and modular transformations, respectively.

For N € N and r € Q?, we define several congruence subgroups of SLy(Z):

['(N):={A€SLy(Z)| A=1 (mod N)},
['(N):={AeSLy(Z)| A= (}%) (mod N)}, and
I :={Ae€SLy(Z) | Ar =r (mod 1)}.
Note that F(l/ON) =T¢(N), and I, C T(N) for r € 7.

+[[m,A-T]],A-7') ) (2.1)

—_~—

2.3. The covering groups SLy(R) and Mp,(R). In this section, we review the definition

P

of the universal covering group SLy(R) of SLy(R) and the metaplectic group Mp,(R).
The group SLy(R) may be defined as follows:

T A e SLy(Z),
SL2(R) := {(A’ A): A : H — C continuous with exp(A(7)) = cr +d } '

Its group law is defined by (A1, A\1)(Az, Aa) = (A1 A2, A3) where A\3(7) = A\ (Ag - 7) + Ao(T).
This group fits into a short exact sequence of the form

—_—

1 - Z — SLy(R) — SLy(R) — 1, (2.2)

where the left map is given by n — (I, 2min), and the right map is given by (A, \) — A.
This construction may be described more abstractly: Topologically, SLy(R) is homotopy

equivalent to a circle (by Iwasawa decomposition), so m;(SLe(R)) = Z, and SLy(R) is the

topological universal cover of SLy(R) endowed with a group structure. (Algebraically, SLy(R)
is also the universal perfect central extension of SLy(R).) For convenience, we also define
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the group SLy(Z) = {(A, A) € SLo(R) : A € SLy(Z)}. (This is an abuse of notation, because
SLy(Z) it is not a canonical covering group of SLy(Z) itself as an abstract group.)

The metaplectic group Mp,(R) (a special case of the more general Mp,, (R)) is defined as
a double cover of SLy(R) = Spy(R). In particular,

. A e SLy(Z),
Mp,(R) := {(A’ €): ¢ : H — C continuous with e(7)? =cr +d |’

with multiplication law given by (Aj, €1)(Asg, €2) = (A1 A2, €3) with €5(7) = €1(Aa - T)ea(7). A
surjective map SLy(R) — Mpy(R) may be defined by sending (A, \) — (A, €) with €(7) =
exp(3A(7)); the kernel of this map is identified with 2Z C Z in the exact sequence (2.2).
The metaplectic group is the two-fold central covering group of SLy(R), fitting into the short
exact sequence
1 — Z/2Z — Mp,y(R) — SLy(R) — 1.

We also define the integer metaplectic group Mpy(Z) := {(A,€) € Mpy(R) : A € SLy(Z)}.
More generally, for any discrete subgroup I' < SL,(R), we will define the metaplectic cover
MI' := {(A,e) € Mp,(R) : A € T'}. In particular, we will use the groups MI'(N), MI';(N),
and MI',, for N € N and r € Q.

2.4. The ¢-Pochhammer symbol and variants. We will need to use several versions of
the g-Pochhammer symbol.

Definition 2.1. The finite q-Pochhammer symbol is
n—1
H(l — wq") for n > 0, and

(w,q)n = "32

H(l —wqg™)™t forn < 0.

k=1
This definition is equivalent to the following recursive definition, extended to negative inte-
gers so as to preserve the recursion:

(w,q)o =1, and
(W, @1 = (w0, @)n(1 — wq").
Definition 2.2. The infinite q-Pochhammer symbol is defined for w, ¢ € C with |¢| < 1 by

(w, Q)oo = nh—glo(w? q)n = H (1 - qu) .
k=0

The following alternative notations are also used. The infinite ¢-Pochhammer symbol in
“Jacobi form notation” for z € C and 7 € H is

w(z,7):=(e(2),e(T))oo-
The infinite ¢-Pochhammer symbol in “characteristics notation” forr = (7}) € R? and 7 € H
1s
@e(7) == w([r, 7]}, 7) = (e(ram — 71) , (7))o

Lemma 2.3. If z € C, 7 € H, and m,n € Z, then

w(z+mr+n,7)=(e(2) ,e(7‘))71

w(z,T).
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Proof. Follows from inspection of the product forms of both sides. O

2.5. The Dedekind eta function and its logarithm. In this section, we review the
transformation theory of the Dedekind eta function. Proofs of assertions that are not proven
here may be found in [4,|59).

The Dedekind eta function

T ™\ ™
n(t) = e(ﬂ) w(r,T) = e(ﬂ> l!_[l(l —e(kt)) for T € H
has a continuous, well-defined logarithm defined by
2miT -
ot ;log(l — e(kT)).

(logn)(T) =

—_——

The function (logn)(7) has a modularity property for the group SLy(Z). Specifically, for

—_——

(A, \) € SLy(Z),
2me
(logn)(A - 7) = S (A, A) + 3A(7) + (log n)(7), (2:3)
where W : Sf;(i) — 7 is an integer-valued group homomorphism.
Rademacher defines a function (not a homomorphism) ® : SLy(Z) — Z satisfying the
relation
2ms

(logn)(A-7) = T ®(A) + 51e0 log(—isgn(c) (et + d)) + (logn)(7), (2.4)

where the middle term in interpreted as zero if ¢ = 0, taking 1..o = 1 and using the principal
branch of the logarithm otherwise. This function is defined as

b if c=0
B(A) — @ ! ’ 2.5
( ) {%_128gn<0)5(d7|c|>, lfC#O, ( )

where s(d, |c|) is the Dedekind sum
k[ -1

wn=$ (D)

(See (71.1), (71.2), and (71.22) on p. 150-151 and (68.3) on p. 146 of [59].) Comparing ({2.3)
and ([2.4), we see that ¥ and & are related by the identity

V(AN =D(A) + % (Lezo log(—isgn(c)(er +d)) — A(7)) . (2.6)

The modular transformation law for n(7) follows from that for (logn)(7). If (A,e) €
Mp,(Z), then
(A7) = (A, e)e(r)n(r), (2.7)
where ¥(A, €) = exp(ZLW(A, \)) for any A with (1) = exp(3A(7)). We also introduce the
shorthand ¢?(A) := (¥(A4, €))?, which does not depend on the choice of €. Note that 1? is a
character of SLy(Z).
For the purposes of explicit calculation, it is important to note that the function (A, ¢)

can be expressed in terms of Jacobi symbols without needing to use Dedekind sums.
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Theorem 2.4. Let A= (2%) € SLy(Z) and 7 € H. If ¢ =0, then
P(A, e)e(T) = e(sgn(d)b) .

24
If ¢ >0, then
o0 (£) e(f5) o M=) if2te
)T = ac(1—d? —c .
V/ —i(er + d) (ﬁ) e(%)e(—(l & )bl )> . if2¢1d.

Here, (%) and (ﬁ) are Jacobi symbols. If ¢ < 0, then (A, €) = ith(—A,ie).

Proof. See [59, p. 163]. O
2.6. Jacobi theta functions with characteristics. In this section, we review the trans-
formation theory of Jacobi theta functions with arbitrary real characteristics. Our primary
reference is Rademacher [59]. The author was unable to find a suitable source for the general
transformation laws of theta functions with characteristics, so those have been proven here.

Jacobi defined four theta functions, 9; for j € {1,2,3,4}; we will treat ¥; as the “basic”
theta function and define other theta functions in terms of ;. The primary advantage of

this approach is that the full SLy(Z)-action takes ¥;-values to other v¥;-values, whereas the
other ¥; are permuted with each other by the action.

Definition 2.5. For z € C and 7 € H, the first Jacobi theta function is

o0

hizn) == D e(tn+ 1) r+(n+d)(z+1)).

n=—oo

The first Jacobi theta function satisfies elliptic and modular transformation laws. (These
may also be interpreted as a single transformation law under the action of Z? x SLy(Z).)

Theorem 2.6. If 2z € C, 7 € H, and k,l € Z, then
D1(z+kr + 0,7) = (—1)*e(=3k*T — kz) V1 (z, 7).
Proof. See |59, p. 177, (80.31)]. There is a misprint in that formula, corrected here. O

Theorem 2.7. If z € C, 7 € H, and (A, €) € Mp,(Z) with A= (%), then
DA (7)) = vl e 5

m) e(1)01(z, 7).

Proof. See [59, p. 180]. O

2

Theta functions with characteristics involve an additional pair of real parameters r € R?,

often taken to be rational in applications. In the special caser € {( ), ( 192) (M2, ( }g) },

they are essentially the four classical Jacobi theta functions usually called ¥; for j €
{1,2,3,4}. There is no widely accepted notational convention for theta functions with char-
acteristics, and the following definition reflects the author’s preferred notation. The use of
a shift by ro7 — r1 (the symplectic pairing of (74 ) with (7)) instead of the more commonly

used 717 + ro makes the modular transformation law nicer.
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Definition 2.8. Forr = (;}) € R? 2z € C, and 7 € H, the Jacobi theta function with
characteristics is

o0

On(z,7) = Y e(% (n+r+3)’ 7+ (n+rm+d) (z—rl—i—%))

= —e(%rgT + 7y (z -7+ %)) Wi (z 4 rom — 1y, 7).

In particular, ¥1(z,7) = —19(8)(z,7).

Shifting the characteristics by a pair of integers simply multiplies the theta function by a
constant of norm 1.

Proposition 2.9. Letr= (;})eR?, m = (}) €Z? 2€C, and 7 € H. Then
Urim(2, T) = e(—m1 (7"2 + %)) Ve(2, 7).
Proof. By Definition [2.8 we have
Urym(z,7) = Ze((n+m2 o+ T (nFma o+ 1) (2 —my -+ %))

nez
— Ze((n+r2+%)27+ (n+r+3)(z—m —r1+%)>
nez
=e(—my (ro+ 1)) 9e(2,7),
where in the second-to-last line we substituted n — n — ms. OJ

The modular transformation law for the theta function with characteristics also follows
by direct calculation from the modular transformation law for 6;; however, it is more com-
plicated, so we give a detailed proof.

Theorem 2.10. Letr = (1) € R?, 2z € C, 7 € H, and (A, €) € Mpy(Z) with A = (29).
Then

Iae(A - (2,7)) = V(A €)*k(A, r)e(#;)) ()0 (2, 7), (2.8)

where
k(A,r) =e(L (cr1 + (d = 1)ry — acr} — 2beryry — bdrs)) . (2.9)

Proof. By Definition [2.8]

Oar(A - (2,7)) = —e(5(cry + dry)* 8 + (ery + dry) (g —ary — bra + 3))

X V1 (g + (e + dre) 525 — (ary + bra), 225

=— (—;’éjﬁ% ((cr1 +dra)(at +b) + 22 — (2ary + 2bry — 1)(c7 + d)))

) z+(cr1+dra)(at+b)—(ar1+bra)(ct+d) ar+b
1 ct+d Yer+d )

= —e(é’&jﬁ% (ro7 —r1 + 2z — (ary + brg — 1) (e + d))>

x 91 (SHG™ &) (2.10)

using the relation

(cr1 +drg)(at +b) — (ary + bra)(em +d) = ro7 — 14
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in (2.10). Using the transformation law for ¢; from Theorem 2.7} we obtain

Var(A - (2,7)) = —e(% (ro7 —r1 + 2z — (ary + bro — 1) (e + d)))

« w(A’ 6)36(%> 6(7')191(2 + roT — 11, T)
= —(A, e)%(—%(arl +bro — 1)(cry + dT’Q))

X e<c(z+r27—n>2+(cm+d”)(m_”+22)) e(T)01(z + 1o — 11, 7)

2(ct+d)
= —(A, e)ge(—%(arl +bro — 1)(cry + drg))

X e( (CT+d) + % o(roT — 11 + 22)) e(T)01(z + ror — 11, 7)
= —1h(A, €)%e(3 (crl + dry — acri + (ad + be)ryry + bdr3))
% e< Nertd) +3 (2 —rtg) + 2 - %) e(T)V1(z + 1T — 11, T)
= —1(Ae) e(i(crl + (d — 1)ry — acr; — (ad + be — 1)ry7ry — bdr3))
x (52 ) e( 42 (2 =1+ 1)) eln) (a7 = 70, 7)
_ @U(A, 6)38<cn+(d—1)r2—ac;’%—2bcr1r2—bdr§) e<2(c(::-2|-d)> (7’)191,(2’, 7')
— (A, (A, v)e( 5 ) e(T)e(z,7). 0

Lemma 2.11. Letr € Q% The function k satisfies the following cocycle condition: For any
A BeTy,

k(AB,r) = k(A, Br)k(B,r).

Proof. This follows from Theorem by applying (2.8) to each of ¥,((A;1A2) - (2, 7)) with
A= A1As U (A1 (Ay-(2,7))) with A = Ay, and 9, (Ay- (2, 7)) with A = A, and comparing
the results. ]
Lemma 2.12. Letr = (1) € R? and A = (2Y) € SLy(Z). With k(A,r) defined as in
Theorem
k(A A7) = k(A )t

=e(3(cr1 + (—a+ 1)ry — edr} + 2beryry — abry)) . (2.11)
Proof. By Lemma [2.11, 1 = x(I,r) = k(AA™ 1) = (A, A7 r)s(A71 1), so (A, A‘l ) =
k(A7 1)~ The second equality of ([2.11) follows by plugging in A~ = (4, *) to O
2.7. Characters of modular theta functions. We will now consider modular forms de-

fined by theta functions. We define a character y, on the group I'y that will play an important
role in the theory of the Shintani—Faddeev modular cocycle.

Definition 2.13. Let r € R?, 7 € H. The theta null with characteristics is
Or (1) = 9:(0, 7).
Theorem 2.14. Let r € Q*. The function 0.(7) is a weight % modular form with character

for the group
MI', ={(A,e) € Mpy(Z) : A-r=r (mod 1)}.
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Specifically, for (A,e) € MI'y and T € H,

Or(A - 7) = (A, € xu (A)e(T)0r(7)
where Xy 1s a character on I'y defined by the formula

Y (A) _ e((cfd+1)r1+(fa+b+1)r27cdr%+2(a71)dr1r27(a72)br§)

2
Proof. We first apply the modular transformation formula given in Theorem [2.10]
91-(14 . 7') = 1914(14711.)(14 . (O,T))
= (A, €)*k(A, A7) e(T)0s10(2, 7).

Since A € Ty, so is A7!, and A~'r = r + m for some m = (1)) € Z* Applying Proposi-
tion [2.9 and regrouping factors, we have

Or(A - 7) = (A, €)*xe (A)e(7)0:(7), (2.12)
where x,(A) := k(A4, A7'r)e(—my (r2 + 1)). We have

m:(Al—Dr:<(d_”h_bm).

—cry+ (a— 1)ry
Applying Lemma we may write y, as
e(A) = ot s ) o (4 = 1y — bry) (ra + )

— e ( (c—d+1)r1+(—a+b+1)ro—cdri+2(bc—d+1)rira—(ab—2b)r2 >
2

— e ( (c—d+1)ri+(—a+b+1)ro—cdr?+2(a—1)driro—(a—2)br2 )
5 .

The fact that y, is a character on I, follows by applying (2.12) to each of 6.((A1Ay) - 7)
with A = A1 Ay, 0.(A; - (Ay - 7)) with A = Ay, and 6,.(As - 7) with A = Ay, and comparing
the results. 0

The character x, can be written in a somewhat nicer way, as the following lemma shows.

Lemma 2.15. Letr € %ZQ for N € N. The character xy on I'. has the following formula.
1
Xr(A) = —(—1)52(Arr)e(§ [Ar,r]) , where

q o {1 Hac2
2V= N0, ifqe 2z

Moreover, x, takes values in the group un/(C) of N'-th roots of unity, where
, {N if N is odd,
2N if N 1is even.
Proof. Write A= (2%) and r = (1 ); we have A~! = (¢ ?). By Theorem m
Xe(4) = xa (A7)

— e ( (—c—a+1)7r1+(—d—b+1)ra+acr?+2a(d—1)riro+b(d—2)r2 ) -1
2
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— e ( (a+c—1)7r1+(b+d—1)ro—acr?—2a(d—1)riro—b(d—2)r2 >
o 2

— e < (ar1+bro—r1)+(cri+dra—ri1)—ari (cri+dra)—(d—2)ra(ar1+bra) >
= 5 .

Set v’ = (;é) = Ar = (&1 Then,

, cri+dro

. (ry—r1)+(rh—ro)—arirh—(d—2)rar
)= it

o ( (r]—r1)+(rh—ra)+2ror) —(arirh+drar)) )
5 .

Moreover, ariry + drory = aryrhy + (rhy — cry)ry = ri(ary, — cry) + rirh, = rire + riry. Thus,

. (ry—r1)+(rh—r2)+2ror) —(rire+rirh)
Xr(A)_e(ll 22221 172 12)

— 0 ( (r)—r1)+(rh—ra)+(r —r1)(rh—ra)+(rori —ri7h)) )
= 5 .

Since ' =r (mod 1), we see that e((Tll_”)ﬂré_m);(ri_Tl)(ré_rz)> € {£1}, and moreover that

e ( (ri—r1)+(r§—r2)2+(r’l —r1)(rh—r2) ) _ _ (_ 1)52(Ar—r) '

Also, rory — rirh = [r/,r] = [Ar, r], so

a(A) = —<—1)52<Ar—f>e(% [Ar,r]) | (2.13)

Clearly the right-hand side ([2.13)) is a (2/V)-th root of unity. Moreover, when N is odd, we
check d2(Ar —r) =1 =1+ [Ar,r] (mod 2) when Ar = r (mod 2), and dy(Ar —r) =0 =
1+ [Ar,r] (mod 2) when Ar Z r (mod 2), so in fact x,(A) is an N-th root of unity. O

Lemma 2.16. Letr € Q*. For any m € Z? and any A € T,
Xr-i—m(A) = Xr(A).
Proof. For all 7 € H, Theorem [2.14] gives
9r+m(A ' T) = 2b(147 G)SXrer(A)G(T)eI‘er(T);
0. (A7) = (A, €)*xe(A)e(T)0:(7).
Dividing, we have

er—l-m(A ' 7-) _ Xr—i-m(A) . 91‘+m(7—)
Oc(A-7) X(A)  6e(7)

By Proposition O?r(m—A(i')T) = e(—m1 (7”2 + %)) = Q”Qt”(‘;(;). Therefore xrim(A4) = xx(4). O

Remark 2.17. While the metaplectic transformation law for the modular theta nulls with
rational characters is sufficient for proving the properties of the (multiplicative) Shintani—
Faddeev modular cocycle, a similar study of additive cocycles would require working out the

transformation law for log #, under a corresponding congruence subgroup T, of SLy(Z).
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2.8. The Jacobi triple product formula. The Jacobi triple product formula relates a
certain g¢-series to a certain infinite product and can be seen as an expression for a Jacobi
theta function in terms of infinite ¢-Pochhammer symbols. Beyond its importance in the
theory of modular forms, this ubiquitous formula has Lie theoretic, probabilistic, and physical
interpretations, among others [5,(6,/49]. It is commonly stated as follows.

Theorem 2.18. If w,q € C with |q| < 1, then

S wig” = (1= ™) (1 +we® ) 1+uw g, (2.14)
n=-—00 k=1
Proof. See |59, p. 231, (100.1)]. O

After a change of variables, the Jacobi triple product formula is equivalent to the following.

Proposition 2.19. If 2 € C and 7 € H, then
w(z, m)w(=2,7) = —ie(=13) (e(5) —e(-3))

Proof. In Theorem , take w = e(z— 5+ %) = —e(z— %) and ¢ = e(g). Then, the
left-hand side of (2.14]) becomes

o0 [e.9]
2
Z w'q" = Z e(nz—%7’+%+"§7’>

(2.15)

—e(-F+1(+1)) X (3 (n-1'r+ (-1 (2 +1)
= —ie(—% + 2) %h(z, 7). (2.16)
The right-hand side of becomes
(1 _ q2k) (1 +wq2k—1) (1 +w 1q2k‘ 1)
k=

= H (1—e(kr)) (1—e(z =2+ 2k - 1)) (1 —e(—2+ I+ (2k — 1))))

| xﬁl_ez+ ) T[ 0 - el=2 + (k+ D7)
k=1 k=1

w(
1—e(—2)
= —( » 22 n(r)@(z,m)w(—z,7). (2.17)
e(3) —e(=3)
Equating (2.17)) and (2.16]) and multiplying/dividing/rearranging factors, we get (2.15]).

The following version of the triple product formula incorporates “characteristics” r and
will be used in Section to prove important identities for the Shintani-Faddeev cocycles.
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Proposition 2.20. Ifr € R?, 2 € C, and 7 € H, let

we(z,7) =w(z+ H (1—e(z+ (k+r)T—11)).

Then

wr(2, T)@wr(—2,7) = ie(— (% + 112> T =T (Z —r+ %))

- L (2, 7)
X (e Z4roT—11 —e Z2—r27+7r]1 r\~; 218
(e(=mm) —o(mmpm)) 22y
Proof. Make the substitution z — z + ro7 — 71 in Proposition [2.19] We have
o(— T z[er etrr] )\ Y2z + v, 7], 7)
(2, 7)o (—2,7) = —ie(—3) (%#) _e<_ . n)) 1 - |
Using the relation 9,(z,7) = —e(%rgT oz —r + %)) 91 (2 + [[r, 7], 7),
Ge(2, ) (—2,7) = ie(—5) (e(FE=n) — o =2=2mtm))
Ve(z,T)
xe(=Lr2r —po(z—r; + 1 SR
(a7 = mn ) T
which can be algebraically simplified to (2.18)). 0

2.9. Modular specializations of the g-Pochhamer symbol. The following formulas can
be proven directly by manipulation of the infinite products. Taking ¢ = e(7):

@(0)(7) = (4 @)oo — ¢ /%(r);
(gt = L =it
T () = % =q 242]((2:;;
iy (r) = S WIS IR

Thus, we see that w,(7) is a weak modular function on I'(2) with character when r € 72
Conversely, when r ¢ %Z2, @, (7) is not modular (although we haven’t proven non-modularity
rigorously). Nonetheless, w,(7) satisfies a more complicated modular-like property, which
will be examined in Section [l

3. ON MODULI SPACES OF RAY CLASS DATA

It will be helpful to have an interpretation of the “ray class data” determining a Stark unit
as a point on some continuous “moduli space.” We use the phrase “moduli space” in a loose
sense. In particular, our moduli space will be described as the quotient of (R/Z)*x (R\Q) by
an action of discrete group that is not properly discontinuous. Ray class data will correspond
to the dense set of points (Q/Z)? X Rquad-
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3.1. Ray class groups and ray class fields of orders. We briefly review some definitions

and results from [44] that generalize standard results about ray class groups and ray class

fields to non-maximal orders. Let O be an order in a number field F', let m be an ideal in

O, and let X be a subset of the real embeddings of F'.

Definition 3.1. The ray class group of the order O modulo (m,X) is

In(0)

Clyx(0) = =% ,
=(0) Pos(O)

where
J(O) = {invertible fractional ideals of O coprime to m}, and
Pux(0) = {aO such that « =1 (mod m) and p(a) > 0 for p € 3}.

The study of the structure of ray class groups naturally leads to the study of certain groups
of units satisfying congruence conditions.

Definition 3.2. For a commutative ring with unity R and an ideal I of R, define the group
U(R):={a€R*:a=1mod I} =(1+1)NR".
If R has real embeddings and X is a subset of the real embeddings of R, define
Urn(R) :={a € R*:a=1mod I and p(a) > 0 for p € X}.

A key theorem of [44] relates different class groups of orders to each other via a surjective
map whose quotient is described using the U-groups.

Theorem 3.3. Let F' be a number field and O C O' C Op be orders of F. Let m be an ideal
of O, m" an ideal of O such that mO" C w’, and ¥/ C X C {embeddings F — R}. Let 0 be
any O'-ideal such that 0 C (m: O'). We have the following exact sequence.

U s (O) R U (O')0)
Unx(0) ~ Un(0)0)

Proof. See |44, Thm. 6.5]. O

1—

x {1} 5 Cly2(0) = Cly s (O') — 1.

To the ray class group of an order, there is associated a ray class field of the order, denoted
HS 5. Some of its important properties are summarized by the following theorem.

Theorem 3.4. Let F' be a number field, O an order of F', m an ideal of O, and ¥ a subset of
the set of real embeddings of F'. Then there exists a unique abelian Galois extension HSE/F
with the property that a prime ideal p of O that is coprime to the quotient ideal (m : OF)
splits completely in Hn?,z/F if and only if p N O = 70O, a principal prime O-ideal having
7€ O withm=1 (mod m) and p(r) > 0 for p € X.

Additionally, these fields have the following properties:

o Hfgmz C HYy C HF

(lTlZOF),E’
o There is a canonical isomorphism Arto : Cly»(O) — Gal(Hn?E/F).
Proof. See [44, Thm. 1.1, Thm. 1.2, Thm. 1.3]. |

We provide one new proposition about ray class groups of orders that will be relevant to
our moduli interpretation.
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Proposition 3.5. Let O C O’ be an orders in the same number field F'. Let m be an

O'-ideal (thus also an O-ideal) and ¥ a subset of the real embeddings of F. Then the map
ext = extgg ]:EE Clux(0) = Clyux(0') induced by ideal extension ext(a) = aO' is an

isomorphism.

Proof. By Theorem[3.3|with @ = (m : 0’) = mand m’ = mQ’ = m, there is an exact sequence
Un»(0') N Uy (O'/m)
Uns(0)  Un(O/m)

The group Uy(O'/m) = {a € (O'/m)* :a =1 (mod m)} is the trivial group, so %:(((g//::)) is
the trivial group, and thus the map from Cly 5(O) to Cly x(0') is an isomorphism. O

1—

— Clmyg(O) — Clmz(ol) — 1.

3.2. The flat imprimitive ray class monoid. In [43], the present author and Lagarias
describe several different ray class monoids that extend the usual definition of the ray class
group to the structure of a larger (but still finite) monoid (semigroup with identity). The
present paper requires one of these constructions in particular, the flat imprimitive ray class
monoid, which extends the ray class group to include classes of ideals not coprime to the
modulus.

We extend the ray class group to a monoid by extending J; (O) to a large monoid jlfn(O)
still consisting of O-invertible ideals, but relaxing the condition of coprimality to m to a
condition of semilocal integrality at m. We use the term flat (and the corresponding musical
symbol) because nonzero O-ideals are invertible if and only if they are flat as O-modules,

. . . . . .= .
and to avoid the ambiguity of the term “invertible” (as ideals in J (O) not coprime to m
. . . . . L
are invertible as O-ideals but not invertible in the monoid J,(O)).

Definition 3.6. We define the following submonoid of the group of invertible ideals:

T.(0) = {a € J*(0) : a0[S,'] € O[S, ']}.

The condition that aO[S, '] C O[S,'] is equivalent to the condition that a®, C O, for all

nonzero prime ideals p C m; we call this condition semilocal integrality at m. Consider the
. . —=b

equivalence relation ~y 5, on J,,(O) defined by

Je € T.(0) and a, 8 € O[S
)

)
a = (mod m),sgn(p(e)) = sg

such that a = ac, b = (¢,

~ay b =
& ~mz n(p(8)) for all p € X

The flat imprimitive ray class monoid is
—=b
] J. (O
Clm,, 1,(0) = n(0)

~m,3

. . —P .
Classes in the image of the map Clys(O) < Clm, 5(O) are called primitive, and other
classes are called imprimitive. The submonoid of zero classes is

ZCIm,, 4,(0) = {o] € Clmny, (0) 10 C m}.

We now show that the ray class group embeds into the flat imprimitive ray class monoid
in the expected manner.

Proposition 3.7. The inclusion map J,(O) — jl;(O) induces an injection of monoids
Cly:(0) = Clm,, 5,(0).
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Proof. Consider a,b € J,(O). We wish to show that a is equivalent to b in Cl, x(O) if and
only if a ~p 5 b.

If a is equivalent to b in Cly, »(O), then there is some YO € Py, »(O) such that a = ~b,
v =1 (mod m), and p(y) > 0 for all p € X. It follows that a ~ 5 b by taking ¢ = b and

(CY, /B) = (17 7)'

Conversely, suppose @ ~yy b. Then there are some ¢ € 3:1((9) and «, 8 € O[S,!] such
that a = ac, b = B¢, a = (mod m), and sgn(p(«a)) = sgn(p(B)) for all p € 3. Since a, b are
coprime to m, it follows (from the equations a = ac¢ and b = Sc¢ and the semilocal integrality
of O, BO, and ¢) that aO, SO, and ¢ are also coprime to m. Thus, af~! =1 (mod m).
Also, a = (af™1)b, and p(afB~') for all p € 3, so a and b are equivalent in Cl, (O). O

To facilitate describing the structure of the monoid Cl_m:lvz(O), we define a suitable notion
of an exact sequence of commutative monoids. As in an exact sequence of abelian groups,
we want the fibers of the latter map to be cosets of the image of the former; to guarantee
this property, we impose it directly, because it is not sufficient to say that the image of the
former map is the kernel of the latter.

Definition 3.8. A sequence

oA Blo

of commutative monoids with homomorphisms between them is exact at B if every nonempty
preimage of an element C' under (3 is a coset of an image of «; that is, if for all ¢ € C| either
B71(c) = 0, or there exists b € B such that

ba(4) = 87(c).

A sequence that is exact at all objects with an in-arrow and out-arrow is simply called ezact.

.- . —— .
We prove a proposition “resolving” the map from Clm,, +(O) to CI(O) in order to under-

stand the structure of Clmlbn’E((’)).

Proposition 3.9. Let ¢ : Clmi17z(0) — Cl(O) be the map given by ¢([b]) = [b]. Then,
there is an exact sequence of monoids

(O/m, x) x {£1}* % Clm/, 5,(0) 5 CI(0) — 1.

Proof. Exactness at Cl(O) is equivalent to the surjectivity of ¢. By |44, Lem. 5.12] (taking

0 =m), every class in C1(O) is represented by some b € J7 (O), and J,(O) C jil((’)), SO ¢ is
surjective.
Define the map ¢ : (O/m, x) x {+1}* — Clmfmz((?) by

P(@, €) = [@O] where a =@ (mod m) and sgn(p(a)) = e,.

This map is well-defined because:

(i) For any pair (@, e€), the set (@+ m)N{a € O :sgn(p(a)) =¢€,} # 0.
(ii) If aq,a0 € O\ {0}, a4 = a2 (mod m), and sgn(p(ay)) = sgn(p(az)), then [a;O] =

[a20] in Cl_rnrbn’E (0).
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To prove exactness at Cl_mlbnyz((’)), consider a class B € Cl(O). By |44, Lem. 5.12], w
may write B = [b] for some b € J;(O). Clearly ¢([ab]) = B for any « E O[S\ {O}

so {[ab] : @ € O[S\ {0}} C ¢~ (B). On the other hand, suppose a € Jm((’)) such that
#([a]) = B. Then a is equivalent to b in C1(O), so a = ab for some o € F*. Moreover, aO =

ab~ e T, ((9) that is, @O is semilocally integral at m, so a € O[S, *]\{0}. Therefore, {[ab] :
a € O[S\ {0}} = ¢71(B). The left-hand set is the same as [b ] ((O/m, x) x {:tl}z)

: ——b
we have proven that the sequence is exact at Clm,, 5(O). O

The exact sequence in Proposition is related to the ray class group by the following
commutative diagram, where in both rows the image of the first map consists of the classes
of principal ideals.

(O/m)* x {£1}* — Clpx(0) — Cl(O) — 1

[ Lo

(O/m, x) x {£1}* % Cln,, ,,(0) % ClO) — 1

The monoid of zero classes has the properties that im(v)) N ZClmiﬂ’E((’)) = {(0,€)} (which
does not depend on the choice of €), and ¢ restricts to an isomorphism ZClmI:mE(O) = Cl(0O).

Example 3.10. This example shows that, in contrast to the case of the ray class group seen

in Proposition |3.5 the surjective monoid homomorphism ext = extgg nT EE Clmmz((’)) —

Clminyz((’)’ ) induced by extension of ideals ext(a) = aQ’ need not be an isomorphism when
m is an O'-ideal. Let O = Z[3/3] and O’ = Z[/3], and consider the unit ¢ = 2 + /3. Let
a =30 and b = 3¢0. Then, ext(a) = ext(b) = 30'.

We show by contradiction that a %gprp b. If a ~gor g b, then we would have fa = ab
for « = B (mod 90’). We obtain 380 = 3:a0, so eaff~t € O* = (—1,¢%), and thus
a = 4313 for some n € Z, so £33 = (mod 90’). We must have 3¢O = b = ¢ for
S jgo/(O), so 30" = B¢, and we must have 3|3 in O' = Z[\/3], that is, By = 3 for some
v € O'. Multiplying both sides of the congruence by 7, we obtain £3¢"*! = 3 (mod 90’),
so £e%1 = 1 (mod 30’). Note that €3 = 26 + 15v/3 = 1 (mod 30’), so the congruence
simplifies to +¢ = 1 (mod 30’). But, since ¢ = 2 + /3, we obtain a contradiction.

3.3. Key properties of orders. We now recall a few basic results and definitions regarding
orders of number fields.

Proposition 3.11. If O is an order in a number field and a is a fractional O-ideal, the
following are equivalent:

(1) a is invertible as an O-ideal.

(2) For every nonzero prime p of O, the localization a, := aO, is a principal Oy-ideal.
Proof. See |44} Prop. 3.8] or |18, Cor. 2.1.7]. O
Definition 3.12. If O is an order in a number field F' and a is a fractional O-ideal, the
multiplier ring (or multiplier order) of a is

ord(a) :=(a:a)={xr € F:za Ca}.
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Proposition 3.13. If O is an order in a quadratic field, a is a fractional O-ideal, and
O’ = ord(a), then a is an invertible fractional O'-ideal.

Proof. See [36, p. 557]. O

3.4. The main correspondence. We will now describe classes in ray class groups of real
quadratic fields as corresponding to special “real multiplication” points

Q%72 x (F\ Q) & Q%/Z% x Ryuaa C R?/Z? x R

modulo an action of SLy(Z) or GLy(Z). We will use this correspondence is to relate Stark
units (more specifically, Stark—Tangedal-Yamamoto invariants), attached to objects on the
left-hand side of , to RM values of Shintani—-Faddeev modular cocycles, attached to
objects on the right-hand side of . A similar correspondence can be given in the complex
case, replacing Rquaq by the set Hyyaq of quadratic numbers in the upper half-plane; a notable
difference in the real case is that the action of SLy(Z) on Q*/Z* X Ryuaa is not totally
discontinuous. These correspondences are also related to Gauss composition for quadratic
forms, as will be explored further in [9].

Theorem 3.14. Let O be an order in a real quadratic field F', and let Fyuaq = F'\ Q. Let
m be a nonzero O-ideal and O" = ord(m). There are explicit compatible functions

iy 00, (0) — SLo(Z)\(Q¥/Z2 X Fiaa)
l l (3.1)
Tl (0) — GLy(Z)\(Q?/Z% X Fiya)

where the action of GLy(Z) on Q?/Z? X Fyyaq is A - (r,8) = (sa(B)Ar, A - B3), the quantity
sa(B) = sen(p1(ja(B)), the notation GLo(Z)\(Q?/Z? x F) denotes the set of orbits of this
right action (and similarly for SLy(Z)), and the downward maps are the obvious quotient

maps. If O' = O, then Yo and Yo are injective. Generally, the image of Y. is described as
im(Tm) = SLo(Z)\Mor m, where
Morm={(r,8) € Q/Z X For : [, f]]m C BZ + Z}, and
Fo={feF:ord(fZ+7Z)=0"}.
In particular, for m € N,
m(T o) = SLa(Z)\ (L 72%/72 x Fo) .
These functions factor through the monoid maps induced by extension of ideals: Tm(Ql) =

T <ext(o moolooz)(‘)l)); Tim(2A) = Thy (ext gn:nozoz))@l)> Additionally, the zero classes are

(O mooloOQ)

7Clm’ (0) = TLH{0} X Fuuaa)-

Moo 009
The function Tm 1s described as follows: Given 2 € Clrnnwmoo2 (O), let Aq be the class of A
in the narrow class group Cly,oo,(O). Choose an integral ideal b € ;" that is coprime to m.
Ezxpress bm = a(SZ + Z) with pi(a), p2(a) > 0 and p1(8) > p2(B). Choose a representative
yO of b2 such that v € b and p1(7), p2(7) > 0, and write v = a[[r, B]] for somer € Q2. Set

Tm(m) = SL?(Z) ' (I‘, 5)
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The function Tm(2) is then defined by Tom(A) = GLo(Z) - To(A) for any choice of lift of A
to A € Clm., . (O).

moo1 002

Proof. We will first show that the map Y’m is well-defined, that is, that it does not depend
on the choices of b, «, 3, or 7. Consider two such tuples of choices (by,aq,S1,7) and
(b2, g, f2,72), as well as corresponding r; and re such that v; = «;[r;, 5;]]. We have
bym = o;(B;Z+Z). Moreover, bym and bom are both in the ideal class mQ(gl, so there exists
some & € O[S, such that ay(81Z + Z) = daa(BZ + Z) and py(6), p2(8) > 0. Thus, there
are integers a, b, c,d,a’, v, ,d" such that

(wh) = (2 ("5?) and () = (&) (2l
Thus, the matrices (¢4) and (¢ % ) are inverses of each other in GLy(Z), and 81 = (24)- .
Set A= (2b). We have

p1(B1) — pa(B1) = A~ pi(B2) — A pa(Ba)

_ det(A) (p1(B2) — pa(B2))
Nm(cf + d)

_ det(4) (p1(B2) — p2(652))

Nm(d—tajay?t) ’

and p1(B1) — p2(B1), p1(B2) — p2(B2), and Nm(6 Laja; ') are all positive, so det(A4) = 1, and
A € SLy(Z).

Since bym = dbsm and every ideal of a quadratic order is invertible in its multiplier ring,
it follows that b;O0" = §b,O'. Moreover, if f = (O : () is the relative conductor, then m 2 f;
thus, [44, Prop. 4.8] says that the extension map ext(a) = aQ’ defines an isomorphism
Jn(O) = Ju(O') on fractional ideals coprime to m. Since b; and 0by are coprime to m, it
follows that we can “cancel” the factor of O’ and obtain b; = Jby. Equivalently, 71b; = b,.

We are given that v,O € b2, so 51O € 6702 = b2A; we are also given that
120 € b2, So §7 19,0 and 1,0 belong to the same class in Clm:m1002 (O); that is, there is

some global unit € € O such that ed 1y — 79 € mO[S,'] and sgn(p;(e0~71)) = sgn(pi(y2))
for i € {1,2}. As §,7,7. are positive at both real places, it follows that p;(¢) > 0 for
i € {1,2}. We may write

e(282) = E(°2%) for some E € SLy(Z).

a2

We then have e6 ' (481 ) = eA (%2f2) = AE (°20>). Write AE = ( /). Thus,

ey — y2 = 0 (r1ga i — riian) — (P22 — Toran)
= (ra(eqafs + faa) — rii(gazfs + hag)) — (re2qafs — raraz)
= (—grn +eriy — 122) aafly — (b1 — frig — ra1) Q.
Moreover, v, € by, and €71y, = by = by, s0
g0 'y — 79 € by NmO[S '] = bym,
because by is coprime to m. Thus, —gry; + erio — 199 and hry; — fris — 791 are integers, so

(AE) v, = ( h ’f) ry=r, (mod Z2) .

—g e
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We also know that ajap(B2) = ed i, and ay, as, d, € are positive at both real embeddings,
s0 s4p(8) = 1. Thus, sqp(B)AErs =11 (mod Z?) and AE - 3y = A - By = 3;. We have now
established that T\, is well-defined.
We now observe that T, factors through the induced extension map
xXTgm  Clmy, o, (0) = Clmy, (0.

This is seen by observing that bm = bO'm, and YO € bA = ~O' € 60’@8:;“021;? (20),

so the definition of Tm(ill) remains unchanged under replacing b by bO’. It follows (because
Mo m depends only on O’ not on O) that one need only prove the claims about the image

of T, in the case when O = O.

Now suppose that 0" = O; it follows by Proposition that m is O-invertible. To
prove that T, is injective and that it has image specified in the theorem statement, we will
construct a function

O SLa(Z)\Mo g — Clinyey oo, (O)

and show that (), defines an inverse to Tn. Consider (r,3) € Mowm such that p;(8) >
p2(3); note that every SLy(Z)-orbit in Fyuaa contains such a 3. Represent r € Q?/Z* by
an element r € Q? such that [[r, 8] is totally positive. Since ord(8Z + Z) = O, it follows
from Proposition that SZ + Z is O-invertible, so (m : BZ + Z) is also O-inverible. By
Proposition for every nonzero prime p of O, we have (m : fZ + Z) = a,0, for some oy.
We may choose some a € ' such that « is totally positive, a0, = a, O, whenever p O m,
and o(fZ + Z) C m. Setting b = o (SZ + Z : m), it follows that a(8Z + Z) = bm, b is an
integral O-ideal, and b +m = O. Define v = a[r, §]] and

Qu(r, 8) = [y67'] € Clmpyoe, o, (O).

To show that Qy, is well-defined, consider (ry, 81), (r2, B2) € Mo such that [[ry, 4], [r2, 5]
are totally positive and

(rg, o) = A+ (r1+m,51) = (8a(B1)A(r1 + 1), A- B1)

for some A = (2%) € SLy(Z) and n € Z?. Consider two choices of ay, ap as above. These in
turn determine b; = «; (8;Z+ Z : m) and v; = a; [[r;, 5;]] for j € {1,2}. We have

Yo = g [[sa(B1)A(r1 +m), A- Bl = agsa(Br) [A(r1 + ), A Bi]]

0428A(51) 0428A(51)

= —jA(51) [[rl + n, 61]] = ale(ﬁl) (71 + o [[n’ ﬁl]]) . (32)
We also have
— . _ aﬁl + b ) . (e) ' B o
e (BB = (051 Tt m)  Ja(By) (BiZ+Z:m) = a1jA(@1)bll

Thus,
9265 = s4(B1) (1 + aa [, Bi]]) b7 = (1 + [, Bi])) b7
Since by = oy (f1Z + Z : m) (and m is O-invertible), we have bym = «ay(£1Z + Z). Thus,
ai [n, B1]] € bym C m, so
Y14 a1 [0, A1)l =71 (mod m).
Therefore,
Y2by " o by (3.3)
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Moreover, the «; and ; are totally positive, and sa(f1) = sgn(ja(51)), so by (3.2) we have
sgn(pi(v1 + ax [[n, 8,)]]) = sgn(p1(ja(B1))) sgn(pi(ja(B1))). That is,
sgn(pr (1 + o [, B]))) = sgn(p1(ja(B1)))? = 1, and

sgn(m(’h +aq [[”a /6]])) = Sgn(Nm(jA(ﬁl)» - Sgn(?igg;; : Zzggli) -

using the conditions that p;(5;) > p2(5;) in the last step. Hence (3.3) can be improved to

1 -1
Y2627 ~moojoo, 107,

and therefore the function ﬁm is well-defined.
It remains to check that Q, o Ty, is the identity on Clmtbnoo Lo0, a0d T 0 €y is the identity

on SLy(Z)\(Q?/Z? x Fyuaq). But these claims follow directly from the definitions of the two
functions. The formula ZClm, (0) = Qn({0} x Fiuad) = T-1({0} x Fiuaa) also follows

moo1 002
directly from the construction of 2.
In the special case m = mQO for m € N, we have

M@Jn@ = {(I‘,ﬂ) c Q/Z X FO : (7“25 — rl)mO - 5Z+Z}

={(r,8) €Q/Z x Fo : 1 — 11 € L (BL + L)}
— 17/Z X Fo.

Thus, im(Tno) = SLa(Z)\ (LZ/Z x Fp).
Finally, we must show that quotienting by ~y., on the left-hand side of (3.1]) corresponds

under T, to quotienting on the right-hand side by GLy(Z). (The statements about Y, will
then follow.) Consider the ideal class R_; € Clypoo,00, (O) given by

Ry ={AO:A=1 (mod m), p;(\) <0< pa(N)};

then Clm]bm%((’)) is Clm‘bnoo1002 (O) modulo the action of {J,%_,} (where J is the identity

class). Consider any 2 € Cl_mfuoolo@((?). Choose b; € 57", and write bym = a1 (5% + Z),
1O € b2 with vy € by, and 3 = «y [[r1, £1]] such that ay,; are totally positive and
p1(B1) > pa(Br), so that Ty(A) = SLy(Z) - (r1, B1). Choose some A € GLy(Z) such that
det(A) = —1 and pa(ja(B1)) < 0 < p1(ja(B1)). Choose some n € Z? such that § :=

[r14+mn, 51 has p1(0) < 0 < pa(0). Let by = ja(B1)b1, ap = auja(B1)? B = A- By,
Y2 = —ja(f1)d, and ro = A(ra +n) = sa(8)A(rs +n). We may then check that by €

Ja(B)ATH = (R_42A)5 T,
bom = ja(51)a1(BZ + Z) = onju(1)*((A- B)Z + 7Z),
Y120 = ja(81)00 € ja(B1)b1R_ A = bR, A, 75 € by, and

Y2 = ayja(B1)? [A(ry +n), A- Bi]] = as [[re, Ba]] -

p1(B1)—p2(B1

Moreover, ag,y2 are totally positive, and Nm(ja(51)) = det(A) pl(&)fp?(ﬁz;, and taking the

sign of each factor shows that p;(82) > pa(f2). Therefore,
T(R42) = SLo(Z) - (ra, B2) = SLa(Z) - A+ (v1, 1) = A+ SLa(Z) - (r1, 1) = A T ().

This proves that T, defines a function from Clmtbnc><>2 (0) — GLy(Z)\(Q?/Z? X Fyuaq) making
the diagram (3.1) commute. (It then follows from the corresponding statements for T, that
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Y., factors through the induced extension map &Eg’n‘g 2)) , that its image is GLa(Z)\Mor m,

and that is is injective whenever O’ = O.) O

The maps Tm and T, have some unintuitive behavior that should be pointed out. Firstly,
by varying m, every (r, 3) lies in the image of infinitely many Yy,. Indeed, if (r,5) € Mo m,
then (r, 5) € Mo, for every nonzero O-ideal n C m.

If (r,8) = Tw(A) for some primitive class A in a ray class group Clmoo,oe,(?), then
(r,3) € Mo, if and only if n C m and n is O-invertible; in such cases, we may consider 2
to be the canonical preimage of (r, ) and m to be the “level” of (r,3). One might hope
that every (r, ) is in the image of a ray class group (rather than only a ray class monoid);
however, that is not always true.

Example 3.15. Let (r,3) = (( 193) ,3\/5) = (( 1_/%) ,3\/5), where the latter representative
is chosen so that [r, 3] = /3 + 2 is totally positive. In order for (r,3) € SLy(Z)\Mn.o0,

we must have O = 0rd(3\/§Z + Z) = 3V3Z + Z and (\/§ +2)m C 3V37Z + Z. The latter
condition and the integrality of m implies that

\/§1+ 5 (3v2+2) n (3VBZ 1 Z) = 3V3Z + 32

However, 3v/3Z + 37 = 3(’)Q( v3) 1s not O-invertible. In the partial order on ideals, there are
four largest invertible O-ideals contained in 3v/3Z + 37, giving the four possibilities

m C 9V/3Z + 37,

m C 3V3Z+ 9Z,

m C (3vV3+3)Z + 9Z, or
m C (3v3 +6)Z + 9Z.

mC

Since there is no unique maximum O-invertible value of m for which (r, 8) € My o (i.e., no
well-defined “level”), it follows that (r, ) is not in the image of a ray class group.
We give more details in the case m = 9v/3Z + 3Z. We compute Qm(r, B) by taking o = 3,
=a(fZ+7Z:m)=3(0:30)=0, and v = a|r, 8] = 3v/3 + 6. Thus,

Qu(r, B) = [1671] = [(3v/3 + 6)0] = [3v/30] € Ty, ., (O).

Thus, (r,8) = :fm([?)\/gO]), and the class [3v/30)] is imprimitive. (It can similarly be
checked that Qu(r, 3) is imprimitive in the cases m = 3v/3Z + 9Z, m = (3v/3 + 3)Z + 9Z,
and m = (3v/3 4 6)Z + 97Z. It follows that the same is true for subideals of these.)

This example shows the necessity of working with the pathologies of the ray class monoids
to describe all RM points in terms of ideal-theoretic data defining zeta functions.

Finally, we note some consequences of the reduction theory for binary quadratic forms
for our correspondence. These are important for intermediate steps in Section [7] that use
continued fraction expansions corresponding to reduced representatives.

(O) (resp. Clm. (0)), and write

moog

Definition 3.16. Let 2 € Clm.

moo1 002

:fm(go = SLQ(Z) ’ (I‘, 5) (I'eSp. Tm<§2{> = GL2(Z) ’ (I'?ﬁ))
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We say that (r,() is a reduced representative of Tp(2) (resp. Tw(2)) if =1 < r; < 0,
0<ry<1,and 0 < py(B) <1< pi(B).

Proposition 3.17. Every Tm@l) (resp. Tw(2A)) has at least one, and at most finitely many,
reduced representatives.

Proof. Follows from [39, Thm. 1.3 and Thm. 1.4]. O

4. MODULAR PROPERTIES OF THE q—POCHHAMMER SYMBOL

In this section, we describe how the g-Pochhammer symbol transforms under modular
transformations and give a framework for understanding the transformation factor as a
modular 1-cocycle or Jacobi 1-cocycle and evaluating its real multiplication values (or more
generally, its stable values), which are cohomological invariants. We define a notion of w-
modular form for a modular cocycle A — wy; this notion is a multiplicative analogue of
Zagier’s concept of a holomorphic quantum modular form. The ¢-Pochhammer symbol with
characteristics is a w-modular form for w = @*, the Shintani-Faddeev modular cocycle. We
endeavor to keep the theory as simple as possible for now so as not to obscure what’s going
on, postponing more sophisticated cohomological interpretations to Section [5]

4.1. A working definition for first cohomology. Let F be any sheaf of multiplicative
groups of C-valued functions on a topological space X, and let X° be an open subset of X.
Let I' be a group with a continuous action I' x X — X. For A € I and f € F(U), we write
fA e F(A~L.U) for the function defined by f4(u) = f(A - u).

We are concerned primarily with sheaves of analytic or meromorphic functions, usually
on connected open sets, for which restriction maps are injective. To lessen the notational
overload, we will not write the restriction maps unless they are needed. In other words, if

Uy,Up C X and f; € F(U;), we write
fi = fa to mean fi|v,nv, = falv,nv, and
fifa to mean (f1vines ) (f2loinws)-
Additionally, for arbitrary subsets S C X, we will write F(S) = (Jy5g F(U), where the

union denotes a direct limit over open sets U taken with respect to the restriction maps.
Moreover, for arbitrary Sp, Sy € X, we set Fg,(S2) := F(S1 N .Sy).

Definition 4.1. A system of domains U = (Us)acr is a I-tuple of open subsets of X° that
is also an open cover of X°, that is, a map (A — Uy) : I' — {open subsets of X°} such that
X =Uuer Ua. A 1-cochain for U is an element w = (wa)aer of the multiplicative group

CHI, F) = [[ F.
AeT
A 1-cocycle for U is an element of the subgroup
ZH(C, F) = {w € CH(T, F) : waya, = wffwAz}.
A 1-coboundary for U is an element of the subgroup
BL(T,F)={w e CLI, F):wy = fAf~* for some f € F(X°)}.
A first cohomology class for U is an element of the quotient group
Z5(T, F)

Hy (D, F) = 05—
P = B A
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A cohomology class is typically denoted as [w] for w € Z}(T, F).

4.2. Modular and Jacobi cocycles. We now restrict to the group actions and sheaves of
interest for this paper. On any complex manifold, we will denote by A and M the sheaves
of rings of analytic functions and meromorphic functions, respectively, so that A* and M*
are the sheaves of multiplicative groups of nowhere vanishing analytic functions and nonzero
meromorphic functions, respectively.

Definition 4.2. Suppose X = CU {0}, X° = C, and T is a discrete subgroup of SLy(R)
acting by fractional linear transformations (¢%) -7 = g:—j:g. Suppose H C Uy C CU {0}
for A € T, and {U4}aer is an open cover of C. If F = A* or F = M*, the elements of the

groups CH(T', F), ZL(T, F), BL(T, F), and H; (T, F) are called modular 1-cochains, modular
1-cocycles, modular 1-coboundaries, and modular first cohomology classes, respectively.
The first example of a weight cocycle is the standard modular cocycle.
Example 4.3. For A = (2%) € SLy(R) and 7 € C, define
Ja(T) =cr +d.
For any I' < SLy(R), j4 is an analytic modular cocycle for the constant system of domains
Uy =C.
Definition 4.4. Suppose X = X° = Cx (C\Q) and I is a discrete subgroup of R? x SLy(R)
acting by the Jacobi action
z

mA)(z,7)=| ——
(where A -7 denotes the fractional linear transformation action). Suppose C x H C Uy C X
for A € T, and {Uq}aer is an open cover of X°. If F = A* or F = M*, the elements of
the groups C} (T, F), Z5(T, F), B(T, F), and H; (T, F) are called Jacobi 1-cochains, Jacobi

1-cocycles, Jacobi 1-coboundaries, and Jacobi first cohomology classes, respectively.

+[[m,A-T]],A.T)

4.3. Cocycles as generalized modular weights. Recall that a meromorphic modular
form of weight k is a meromorphic function f : H — C whose coboundary is j%; that is,
such that f(A-7) = ja(7)¥f(7) This definition may be generalized so as to replace j§ by an
arbitrary modular cocycle w.

Definition 4.5. Let w € Z}(T', M) be a modular cocycle for some system of domains U.
A meromorphic complex-valued function f : H — C is a w-modular formﬂ if

fA-7) = wa(7) f(7)
for all 7 € H (except where both sides have a pole).

We also define a compatible generalization of meromorphic Jacobi forms.

3The author has used the term “wannabe modular form” in several talks on the subject but is now aware
that Zagier calls the additive analogues of such functions—that is, f such that f(A-7) — f(7) or more
generally ja(7)"F f(A-7)— f(7) has a larger domain of analyticity— “holomorphic quantum modular forms.”
The latter terminology has appeared in print in work of Bringmann, Ono, and Wagner [14]. We primarily
use the term “w-modular form” (where the cocycle w is specified) in this work, but when discussing these
objects in general, we refer to them informally as “multiplicative holomorphic quantum modular forms.”
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Definition 4.6. Let u € Z}(T, M(éx((C\@)) be a Jacobi cocycle for some system of domains
U. A meromorphic complex-valued function of two variables ¢g(z,7) for z € C and 7 € H is
a u-Jacobi form if

g((m, A) : (Z’ 7_)) = u(m,A)(Z7 T)g(za 7_)
for all (z,7) € C x H (except where both sides have a pole).

4.4. Stable values and real multiplication values of modular cocycles. In this sec-
tion, we show how a modular 1-cocycle—and indeed, a first cohnomology class—can sometimes
be evaluated at a point to produce a numerical value. Doing so requires choosing “canonical”
generators for certain stabilizers. We restrict to the case when I' is a finite-index subgroup

Definition 4.7. Let I be a finite-index subgroup of SLy(Z), and let 3 € CUoco. Define A}
to be the unique element of I'" with the following properties:
(1) The stabilizer stabp(8) = (Aj) (if =1 ¢ T') or stabp(8) = (1, A}) (if =T € T).
(2) The following condition holds in the appropriate case:
— If B € Ryuaa, then Ag (f) =A (f) for some A > 1.
— If B € SLy(Z) - 00 = QU {oo}, then AF = P ({4) P~" for some b > 0 and some
P € SLy(Z).
— If B € SLy(Z) - 242, then A} = P (¢
— If B € SLy(Z) - /1, then Af =P (Y
— Otherwise, Ay = I.

~1) P~ for some P € SLy(Z).
1) P~1 for some P € SLy(Z).

The positivity conditions for choosing a generator of the stabilizer may be understood
geometrically in terms of the fractional linear transformation action. For 8 € Rgyaq, the
eigenvalue condition A > 1 means that Ag acts on CU {oo} with § as an attracting fixed
point, dynamically speaking. Additionally, A?; preserves the modular geodesic between [
and [ setwise, and it moves points on this geodesic a distance of 2log A toward /3 in the
hyperbolic metric. For § € QU {oco}, the matrix AE acts by shifting points along horocycles
centered on the point 7 = /3, and the condition b > 0 specifies the direction of this movement.

Proposition 4.8. Let I' be a finite-index subgroup of SLa(Z), U a system of domains for T,
and w a meromorphic modular 1-cocycle for U. Let € CU {oo}, and suppose B € UAg. If
ZE T ME)

BL(D, M7 7
Mg c denotes the sheaf of meromorphic functions that are analytic at 5. In particular,
(w] € H5(T, Af) defines a canonical value [w][B] := w[B] € C*. For [w] € H5(T', M{), we
instead obtain [w][B] € C*/\*%2 where A = Jat (B).

defined, the value w|p] := W (B) € C* depends only on the class of w in where

Proof. Let A= Aj. Consider w,w € Z;(I', M) such that [w] = [w] € Hf(T', Mg). Then,
we can write
f(A-7)

f(7)

for some f € M*(C). Near T = 3, we have a Laurent series expansion

wa(T) = wa(T)
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at+b

oq» we have

for some n € Z (possibly negative) and ¢, # 0. Since § = A - 3, writing A =

00 k
f(A'T>:ZCk (m’—i—b aﬁ—l—b)

cr+d cB+d

o (ke

k=n

WE

k

Il
3

cefa(B)*ja(r) 7 (r — B)F.

I
WE

=
Il
3

Thus, as 7 — [, we have

SAT) L eada(B)a(m) T s
1 =1 = "
Tlir[li’ f(T) TIHH}B Cn JA<5)
Hence wy(7) = A"*" w4 (7) where A = ja(3). Therefore, [w] € H} (T, M) defines a canonical

element [w][3] € C* /2.
Moreover, if f € Mg (C), then n = 0, so wa(7) = wa(7). Therefore, the class of w in
Zy(LME)  defines a canonical value [w][B] € C*. O

By (T, My ¢)

Definition 4.9. We call w[f] := Wat (B) the stable value of w at B; we may also write this

quantity as [w][5] to indicate that it only depends on the class [w] (although we typically
use the former for notational simplicity). If 8 € Ryuad, we also call w[5] (or [w][f]) the real
multiplication value (RM value) of w (or [w]) at B.

We now describe the RM values of js(7) and show that the two uses of A earlier in this
section are consistent with each other.

Lemma 4.10. If 3 € CU{oc} and AL (7) =X (1), then
Jlel = A
Proof. Let A= A}. For any R € GLy(C), we have
Jrar—1(R - B) = jra(B)jr-1(R - B)
= Jr(A - B8)ja(B)jr-1(R - B)
= Jr(B)ja(B)jr- (R - 7).

But also 1 = ji(8) = jr-1r(8) = jr—1(R - B)jr(5). Thus, jrap-—1(R - B) = ja(B). Choose R
such that RAR™! is in Jordan form:

AL S

-1 _

RAR' = ( . A) ,

where 6 = 0 if X\ # 1. Thus, ja(8) = jrag-1(R-5) = \. n

More precisely, we can directly compute in the hyperbolic, parabolic, and elliptic cases,
respectively, that:
o If 5 € Ryyad, then j[F] is a unit in the real quadratic field Q(f).
o If € SLy(Z) - 0o = QU {00}, then j[f] = 1.
o If B € SLy(Z) - =2, then j[B] = L2,



THE SHINTANI-FADDEEV MODULAR COCYCLE 35

o If § € SLy(Z) - v/—1, then j[f] = v/—1.

e Otherwise, j[8] = 1.
Moreover, in the hyperbolic case, we have the following characterization of j[3] as the fun-
damental totally positive unit of a certain real quadratic order.

Proposition 4.11. Let § € Ryyaa and X = j[f]. If O = (BZ+Z:PZ+Z), then X is a
generator of the group O of totally positive units of O.

Proof. Write OF = (g). Clearly X is a totally positive unit in O (as it is in O, is greater
than 1, and is the eigenvalue of an integral matrix), so A is some positive integral power of
e. On the other hand, e(Z + Z) = BZ + Z, so there exists a, b, c,d € Z such that

ef =af + b,
e=cf+d.

That is, £ (#) = (24) (#). Since ¢ is an eigenvalue of (¢4), it follows that &’ = 7!

is also
an eigenvalue of (25), so det (¢5) = 1. Therefore, (2 %) is some integral power of A}, so e
is an integral power of . As we've already shown that )\ is a positive integral power of ¢,

we conclude that A = e. O

4.5. Stable values and real multiplication values of Jacobi cocycles. On can define
stable values of Jacobi cocycles is a similar way to stable values of modular cocycles. We will
restrict to irrational 8 because the Jacobi group action is not well-defined on (C U {oo}) x

(CU {o0}) but is well-defined on C x (C\ Q). Stable values will be trivial except when
B € Ryuaa (real multiplication points) and 3 € (SLy(Z) - v/—=1) U <SL2(Z) : %) (elliptic
points). It will turn out that (ignoring rational points) the stable values of Jacobi cocycles

are identical to stable values of related modular cocycles.

Definition 4.12. Let T' be a finite-index subgroup of Z? x SLy(Z). Let 8 € C\ Q and
p € fQ + Q. Define m7 ; to be the unique element of Z* such that
Stabr(Z, B) = <(m:’57 B;—;B» or <(07 _I)7 (mz_ﬂv B;:ﬁ»a

where B, = (A})" for some k € N and Aj is defined with respect to the subgroup I'NSLy(Z)

as in Definition

Definition 4.13. Let ' be a finite-index subgroup of Z* x SLy(Z). Let 8 € C\ Q and
p € BQ + Q. Define the stable value of u at (p, 5) to be

U[p, 5] = um;ﬂ’B;B (pa 6)
If 5 € Ryuaa, then ulp, ] is also called the real multiplication (RM) value of u at (p, B).

Lemma 4.14. Let T be a finite-index subgroup of Z* x SLy(Z), and let 3 € C\ Q. Ifr € Q?
and p = [[r, B]], then m} 5 = (I — B} 5)r.
Proof. Write m ; = m = (jn}) and B} ; = B = (2}). The stability condition B - = f3

means that Zgj:s = 3, that is, ¢8% = (a — d) + b. Thus,
(—cB+a)(cB+d) = —c*B* + (ac — cd)B + ad

=—c((a—d)B+b)+ (ac — ed)f + ad = —=bc+ ad = 1.
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That is, (¢ +d)~! = —cB + a, and it follows that
P+ [m, B B =[x, B (B + d) ™" + [m, ]

J(B)
= (rof — r1)(—cB +a) + (maff —my)
= —1y(cf?) + (cry + ary +moB)B — (ar; + my)
= —ro((a = d)B +b) + (cr1 + ara +mg) B — (ary +mq)
= (cry +dry +mg)f — (ary + brg + my).

But also =tz + [m, B - f]] = p = raff — 11, so

(cry +drg +me) B — (ary + brg +my) =13 — 1. (4.1)
Since ¢ Q, we can equate coefficients of 5 and 1 in (4.1)), obtaining mq = —cry + (1 — d)ry
and my; = (1 — a)ry — brg, that is, m = (I — B)r. O

Proposition 4.15. Let uy, 4(z,7) be a Jacobi cocycle for a finite-index subgroup T' < Z? N
SLy(Z) with the property that T N (Z? x {I}) = Z*. For each v € Q?, define an associated
modular cocycle

wi(7) = wa-apa(r, 7], 7).
Then w* is a modular cocycle for the group ' NTy. If f € C\ Q and w*[f] is defined, then

ull[r, ]}, 8] = w*[5].

Proof. First, we check the modular cocycle condition. In the Jacobi group, we have the
identity

(([ — Al)r, Al)((l — AQ)I', Az) = ((I - Al)r + (Al - AlAQ)I', A1A2)
= ((I — AlAg)r,AlAg).

The Jacobi action and the modular action are also related by the identity

(7 = A, A) - ([, 7] 7) = (“”“ = A AT A )

Ja(7)
= ([[I’,AT]] + [[I’-AI‘,A'T]] ’A'T)
= ([Ar,A-7],A-7).
Thus, using the Jacobi cocycle condition and the two identities just shown, we have
w;hAg (T) = U(I—A1A2)r,A1A2([[r’ T]] 77—)

= U(I-Ay)r,Ay (((I - A2>r7 A2> : ([[I‘, T]] ) 7—)) U(I—A2)r,A2([[r7 T]] ) T)

= u—ayea ([Air, A - 7] Ar - 7) wg—agye ([, 7)), 7)

= wy, (Ag - T)wy, (7).

Now, we check the equality of stable values. Let m = m}' and B = BE. Then B is also

the positive generator for the stabilizer of 3 in T'NT, (because it is the smallest power of A}
fixing m modulo SZ+ Z, or equivalently, fixing r modulo Z?). Therefore, using Lemma

ulllr; 1}, 8] = wa—pym s([r; 1], B) = w*[B]. U

P
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4.6. The Shintani-Faddeev cocycles. We now define the main transcendental functions
of interest in this paper, which give nontrivial examples of a Jacobi cocycle and a modular
cocycle. For now, we define them as coboundaries on My; and M, 4, which we will later
extend to cocyles on larger systems of domains.

We will define both the “modular” and “Jacobi” versions of the cocycle in terms of special
cases of the following function.

Definition 4.16. For m € R? A € SLy(R), 2 € C, and 7 € H, define the following
meromorphic function of z and :

w(ﬁ + [[m, A -7 ,A-T)
w(z,T)

Definition 4.17. The Shintani-Faddeev Jacobi cocycle is the (Z* x SLy(Z))-tuple

Oma(2,7) =

(Um,A(Z7 T))(m,A)eZ2 xSLo(Z)-
Here, we meromorphically continue om, (2, 7) to (z,7) € C x Dy, where
C\ (—o0,—d/c] ifc>0,
C if c=0and d >0,
H ifc=0and d <0,
C\[-d/c,00) ifec<O.

The existence of the meromorphic continuation will be shown in Theorem [4.29, In the case
when m = 0, we will sometimes drop m and write

Dy = (4.2)

oa(z,7) == 00,4(2,7).

Definition 4.18. Let r € Q*. The Shintani—Faddeev modular cocycle (with rational char-
acteristics r) of A € T, is the T'-tuple

(W4 (7))aer,,
where % (7) = 0;.4(0, 7). Here, we meromorphically continue &% (7) to 7 € Dy, where

B C\ (=00, —d/c] ifc>0,
Dy={ C if ¢ = 0, (4.3)
C\ [-d/c,0) if ¢ < 0.

The existence of the meromorphic continuation will be shown in Theorem [4.30.

For 7 € H, except when r € Z? and r, < 0, we have

we(A-T) Tl —c((k+r)(A-7)—1)
we(T) H 1—e((k+r)T—r1)

wi(T) =
k=0

The Shintani—-Faddeev modular cocycle is related to the Shintani—Faddeev Jacobi cocycle
by the following proposition.

Proposition 4.19. The following relations of meromorphic functions hold forr € Q*, A €
'y, and 7 € Dy.

Wi(7) = o-ayra[r, 7)), 7)
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Note that [(I — A)r, (})] and [(I — A)r, (9)] are integers because Ar =r (mod Z?). Apply

Lemma [2.3| to the numerator of (4.6]) to prove ({4.4)).
Similarly, to prove (4.5]), express

[[I‘,T]] = HA_II‘,TH + [(I - A_l)r7 ((1))} T+ [(I - A_l)r’ (9)] >

and again apply Lemma , this time to the demoninator of (4.6)).
Both (4.4)) and (4.5 then hold on D4 by meromorphic continuation. O

Remark 4.20. The zeros of the analytic function w(z,7) for (2,7) € C x H occur exactly
when z € TNy + Z, where Nj is the set of nonnegative integers. It follows that, for (m, A) €
Z? % SLy(Z), the meromorphic function oy, 4(2,7) has its poles and zeros at z-values at
lattice points in 7Z + Z, with the poles occurring in a cone and the zeros occurring in the
opposite cone. It may be shown using the double gamma product formula that the
locations of the poles and zeros remain the same for (z,7) € C x Dy. It may further be
shown that the poles and zeros of @} (7) occur at discrete sets of rational numbers.

Remark 4.21. For (m, A) € Z* x SLy(Z), the function oy 4(2,7) can be written as a ratio
of g-Pochhammer symbols not only on the upper half-plane H, but also on the lower half-
plane —H. This is done in [24]. The function om, a(2z,7) can thus be sensibly defined on
C\ {ja(7) <0} in all cases; this is discussed further in [2].

4.7. The Shintani—-Faddeev modular cocycle with half-integral characteristics. As
an aside, we deal with the special cases when r € %Z2, in which we obtain simple expressions
for wi(7). If r € 3Z, then —I € T, and the identity w4 (7) = @* ,(7) implies that w}(7) is
meromorphic on Dy UD_4 = C\ {—d/c}. Moreover, from (2.19)), we have the relations

@(0)(7) = a1 (7);
a2
(1/2)< ) =4q n(t) ’
—1/2477(27'),

w(1{2)(7_) =q :

n(7)
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_ 1/2sN((T7 +1)/2)
P e
For all A € SLy(Z), let éa(r ) = e( ) (A, €) for any choice of square root function €(7)? =
ja(7); the relation é4(7) = %7 shows that there is no dependence on the choice of square

(
root. Let P=(}9), @ = (%Y%), and R = (}1). We obtain the following relations.

For A € SLy(Z): wg?)(T) _e(=%5F

éa(T).
o AT o pli) S ) A7)
For ATy (D) = = oy 0 ) )
 o(amry MPAP™L (P 1) (P 7
13 n(A-7)/n(r)
_ (A épap—1(P - T)
- ( 43 ) eA(T)

For A € [‘(1{2): w£1{2)(7) _ e(—%) n(2(A-71))/n(A-T1)

_ e(T—A~T) fQag—(Q - 7)
éA(T) '
o G2 e(GE) n(AFHE) (A7)
for Aty 0= A=) n(r)
n(RAR™! - (R-7))/n(R-7)
n(A-7)/n(7)

_ A=t €RAR—1(R‘T)
- ( 48 ) €A(7') )

In the last three cases, it is noteworthy that:

(éPAPl(P'T)>2 _ jpap—1(T)Y*(PAP™!) _ ]PAP (r) _gp(A-7) 2 1
éa() Ja(T)9?(A) Ja(7) je(r) 2
(éQAQl(Q : T))2 _ Jeag— ()Y (QAQ™Y) ]QAQ (r) _Je(A-T) 1 1
€a(T) Ja(T)¥?(A) Ja(7) Jo(r) 17
<€RAR—1(R ) T)>2 _ Jrar-1(7)P*(RAR™Y) _ JRAR 1(7) _ Jr(A-7) _ 2 -1
éa(T) Ja(r)v?(A) Ja(7) Jr(T) 2

0 1/2 1/2
Therefore, ng/z)(T) = Fe(47T), Wg ! )(’7') = te(=47), and 275”2)( ) = +e(427), where
the signs depend (only) on A.
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4.8. The double sine function. The Shintani-Faddeev Jacobi cocycle of A =5 = (V')
is closely related to Shintani’s double sine function. The double sine function is defined in

terms of the double gamma function originally studied by Barnes [7].

Definition 4.22. For w;,ws € R, and 2z € R such that —z ¢ w; Ny + wsNg, and s € C such
that Re(s) > 2, define the double zeta function by

Ca(s, 23w, wy) = Z Z(z +wim + won) .

m=0 n=0
This function is holomorphically continued to wy,ws € C and z € C such that Re(w;) > 0,
Re(wg) > 0, and Re(z) > 0, and s € C\ {1,2} by the contour integral formula

I'(1—s) e dt
. — )52
C2(87Z7w17w2) 27 /C (1 _ 6—w1t>(1 N €_w2t)( ) t J

where C' is a contour following the real line from below staring at co — ie, going clockwise

around zero, and following the real line from above to oo +ie. See |7, §38] for a proof of this
formula.

d
[o(2; w1, ws) := pa(wr, wa) exp £§2(s,z;w1,w2) ;
s=0

Define double gamma function by
where po(w1,ws) is a nonzero constant independent of z whose exact value is irrelevant to
our considerations. The double gamma function has a product formula

Doz wy,we) ™t = zexp(’ygg(wl,WQ)z + %721(w1,w2)z2) (4.7)

X H 1+ ; ex — z + 2
mwi + nws P mwy +nwy  2(mw; + nwe)? )’

m,n>0

(m,n)#0
which extends I'; to a meromorphic function of 2 € C and wy,wy € C\ {0} such that 2 is
not a negative real number. See [7, §19-24] for a proof of this formula and the definition of

Yoz (w1, ws) and vz (wr, wa).
Define the double sine function (which does not depend on the value of py(wy,ws)) by

Fo(wy 4+ way — 23 wi,w2)

Sing(z; wy, we) =

F2(25W1,W2) (4.8)

(This function is called Sy by Koyama and Kurokawa [45] and Tagedal [74].) We will often
specialize to the case wo = 1, in which case we set

F2(27 T) = FQ(Z; T, 1)7
Sing(z, 7) := Sing(z; 7, 1).

Theorem 4.23 (Shintani). We have the following relation between double sine function and
the Shintani—-Faddeev Jacobi cocycle of A =S = (9):

os(z.7) = e(r — 347! L =20 - z)) (1 B e(;)) Sing (2, 7).

24 47
Proof. This is a rephrasing of [65, Prop. 5]. O

The restriction ws = 1 is not a serious restriction, by the following identity.
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Proposition 4.24. For any o € C*,

Sing(az; awy, aws) = Sing(z, wy, wa). (4.9)
In particular,
Sing(z; wy, we) = Sing (w%, Z—;) . (4.10)
Proof. Consider the Laurent series expansion
ey = et + s ¢ ittt ttns | ()

By the residue theorem, we have

(0, 25wy, wy) = 5= S d_ wi+Bwwgtus Belwitwa—s)
» ’ 2 C(l—e 1) (1—e~w2t) t 12wiwa

Moreover, for o > 0, we have
. — —S .
Co(s, az; awy, aws) = a (s, 25w, ws).
Taking the derivative in s,

G(s, az; awy, aws) = a°G(s, 23w, wa) — (log a)a™*C(s, 23 wi, wa),

and thus
Cé(()? Qz; Qwy, Oétdg) = Cé(ov Z5 Wi, WQ)
w2 +3wiwo w2 —62(w1+wz—2) |
— (log a)=—=F0———
é ) 1 2 ) 1 2) — é sy W1 2 T <, W1,W2
G0, a(wy + wy — 2)); awr, aws) = (0, wy + wa — 23wy, W)
w2 43wy we+wi —62(w1 +wa—2)
— (log )= ————.
Thus,

Siny(z; awy, aws) = exp ((5(0, a(wy + wy — 2)); awr, aws) — ((0, az; awy, aws))
= exp (((0, w1 + ws — 2);wi, w2) — (5(0, 25 w1, ws))
= Sing(z; wy, ws),
proving (4.9) for & > 0. The claim follows for all &« € C* because the ratio of the two

sides is a meromorphic function in «. Equation (4.10)) follows by a specialization of the
variables. [

The double sine function satisfies the following “quasiperiodicity” properties with respect
to the elliptic transformations z +— 2z 4+ 1 and z +— 2z 4 7.

Proposition 4.25. The double sine function satisfies the identities

T2

-1
Sing(z + 1,7) = (2 sm(?>> Sing(z,7) and
Sing(z + 7,7) = (2sin(7z)) " Sing(z, 7).
Proof. This is a special case of [47, Thm. 2.1]. O

The reader should be aware of different conventions for related functions appearing in the
physics literature, denoted by Sy(z) and ®y(2).
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Definition 4.26. The physicist’s double sine function is
Sy(2) = Sing(z;b,b71) 71,

Faddeev’s noncompact quantum dilogarithm is defined by

o (z) . 1 /' 672izw dw
e = e g o sinh(wb) sinh(wb=1) w )~

where C' is a contour that follows the real line from —oo the oo except near zero, where it
goes into the upper half plane to avoid the pole at w = 0.

The noncompact quantum dilogarithm may be expressed in terms of the Shintani—Faddeev
Jacobi cocycle as follows.

Proposition 4.27. For Im(b?) > 0, we have
1 ¥
Qy(2) = 05 (5 -5 izb, 62) .

Proof. This formula is given as [29, eq. (53)]. O

There is a fast-converging integral formula for the logarithm of the double sine function.
While we don’t require if for our main results, we have used it to check formulas numerically
in Mathematica.

Proposition 4.28. If 0 < Re(z) < Re(w; + ws), then

o0 inh ((witw2 _ .
Sin2<z§wl>w2) = exp (_/ ( Sin (( 5 Z) t) W + wo 22) %) ‘
0

2sinh (44%) sinh (2¢) wiwat

Proof. This formula is stated in the case of Sy(z) = Siny(2;b,6=)~! in [56, App. B]. The
general case follows by Proposition [4.24] O

4.9. Multiplicative quantum modularity of the ¢g-Pochhammer symbol. From the
definition of 04, we have w (ﬁ,A -7) = oa(z,7) w(z,7). In order to show that w is a
o-Jacobi form in a nontrivial sense, we need to show that o4(z,7) are defined on larger

domains than w is.

Theorem 4.29. The function w(z,7) is a meromorphic oa-Jacobi form for I' = SLy(Z)
with the system of domains Dy defined by (4.2)). Specifically, it satisfies the elliptic relation

w(z+mr+n,7)=(e(2) ,6(7'));11 w(z,T)

and the modular relation
z
— A =
w (j(z, mt 7') oa(z, 7)w(z,T),

and o4 (z,T) is meromorphic on C x Dy.

Proof. The elliptic relation is straightforward to check. The modular relation holds by the
definition of o4(z,7); however, we must prove that o4(z,7) meromorphically continues to
(z,7) € C x Dy. Write A= (2b).
First, note that
w(z,7+b) =w(z,7).
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So, when ¢ =0 and d > 0, o4(z,7) = 1 (and thus is defined for (z,7) € C x C). When ¢ =0
and d < 0, there is nothing to prove.

Now suppose ¢ > 0. Divide a by ¢ with negative remainder to obtain a = ck — ¢ for some
k € Z and some ¢ € Z with 0 < ¢ < ¢. Set

Cfd VY ik c d
B_(c’ d’>_S T A_<ck:—a dk—b)'

We then have A = T*SB, so by the cocycle condition,

oa(z,T) = opw (L,SB . 7') os (_L,B . 7') op(z,T)

Jsp(T) Js(T)
z
=05 ——,B- 7') op(z, 7).
(JB(T )
By Theorem4.23} 0g(2’, 7) analytically continues to all 7 € C\(—o0, 0]. Thus, o (JB%, B- 7')
continues (in 7) to the lower half-plane and the portion of the real line where B -7 > 0. We
have B - 7 = Z,,:Ig: = ;:—ifzw and c¢d —dd = d'd — b =1, so‘i—,/—‘zi: é > 0 and ‘Cl—: > %.

Thus, 7 > —Czl implies that B -7 > 0 and oy (JB%, B- 7') is well-defined. The inequality

¢ < ¢ allows us to induct on ¢, and again using the fact the (—oo, —‘Ci—:) C (—oo, —‘—Cl), we
have shown that o4(z, 7) meromorphically continues to 7 € Dy.

If ¢ < 0, we use the relation 1 = g4-14(2,7) = 041 (ﬁ,A . 7') o4(z,7). Since A7! =
( b ), the result on positive c tells us that s4(7) meromorphically continues the lower half-
plane and to real 7 such that A-7 > 2. It is straightforward to check that this is equivalent

to the condition that 7 < —g. O

Theorem 4.30. Let v € Q*. The function w(T) is a ¥ -modular form for T, with the
system of domains Da as defined in (4.3). Specifically, it satisfies the modular relation

DA 7) = (r) (),

and ©%(7) is meromorphic on Dy.

Proof. The modular relation follows by the definition of @4 (7). By Proposition [4.19]
057) = (e([[A~007]]) () gy o (A7 7)) ).

Thus, @} (7) extends to a meromorphic function on D4. The domain ]TDA =Dy unless ¢ =0
and d < 0. This final case only arises when —I € I';, that is, when r € %Z2, and in this case,
we may replace A by —A to show that @4 (7) is meromorphic on C. U

4.10. Functional equations of the Shintani—Faddeev cocycles. In this section, we ob-
tain functional equations for o4(z, 7) and &% (7), using modularity of classical theta functions
discussed in Section 21

Theorem 4.31. For A € SLy(Z), z € C, and 7 € Dy,

e<2(c7z+d)> B e(_Q(crz+d))
(e, ) oal—2,7) = VA=A e e (S + ).
2 2
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Proof. Define the function f(z,7) for z € C and 7 € H by
191 (Zu T)
flz,1) = .

(57) n(7)

This function is a meromorphic Jacobi form of weight 0. Specifically, by (2.7) and Theo-
rem [2.7] it satisfies the following modular transformation law for A = (2%) € SLy(Z).
2

z cz
A- =3 (Ae| ———— i
W) = (g ) 107
By the Jacobi triple product formula, specifically by ,
w(z,T)w(—2,7) = —ie(—%) (e(%) — e(—g)) f(z,7).

By definition, we have

Thus,

oa(z,7)oa(—2,7) = —elow) <e<2(cf+d)> —%—m)) X (& A 7)
| ’ —ie(=13) (e(3) —e(=3)) f(z7)

2

2(ct+d)

e( (cf+d>)> —e(—m» ><¢2(A)e< i >

e<2(cz+d)> - e(_Q(cZ-i—d))
2 T T _A. 2
— A e(T T + cz ) ) O
vi(4) e(%) — e(—%) 12 2(cr+d)

We will need a version of the previous theorem for the Shintani-Faddeev cocycle with
characteristics, (7).

Theorem 4.32. Letr € Q*\ Z2, A€ Ty, and 7 € Dy. We have the identity

ro(A-T)—r —ro(A-T)+r
e( 2 : 1) _e( 2 : 1

i (7) 2" (7) = v (A Ae( (5 + ) (r— A7) () o) ) - (1)

Proof. For 7 € H, define the function f.(7) := b(1) " By Theorem [2.14] and ([2.7), we have

the modular transformation law

Fe(A- 1) = 0 (A)xe(A) f(7)- (4.12)
Taking z = 0 in Proposition [2.20}

Telr)wa(r) =ie(= (B + %) 7= ra (= + 1)) (e(252) — e(Z252)) (7). (4.13)
By definition,

() oy7(r) = P T

Applying (4.13)) to (4.14), and then using (4.12)) to simplify the resulting expression, yields
(4.11)) for 7 € H. The identity extends to 7 € D4 by analytic continuation. O

(4.14)
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4.11. Values at rational 7 and quantum modularity. In this section, we’ll evaluate
oa(z,7) for 7 = = € Dy N Q. The values of o4(z,7) at rational 7 are not needed for the
main results of this paper. We hope that they may be useful in the future—perhaps further
study of these values could lead to a definition of a p-adic analogue of the Shintani-Faddeev
cocycle using p-adic interpolation. They also suggest a connection to quantum modularity.
Our formula for o4(z, 7) will be stated in Proposition with a restriction on the value
of z. This restriction could potentially be removed by a careful accounting of branch cuts.
The cyclic quantum dilogarithm D¢(w) is a finite product appearing in the asymptotic
formula describing the behavior of the g-Pochhamer symbol as ¢ approaches an n-th root of
unity (. The cyclic quantum dilogarithm plays a role in Garoufalidis and Zagier’s work on
Nahm'’s conjecture on the modularity of certain g-hypergeometric series [31]. It is defined as

n—1
D¢(w) = [J(1 = ¢Fw)*. (4.15)
k=1
The behavior of the g-Pochhammer symbol as ¢ approaches a primitive n-th root of unity
(¢ is described as follows.

Proposition 4.33. Let ¢ be a primitive n-th root of 1. When |w| < 1 and q = e~"/"*¢ for
Re(t) > 0,

(03 @)oo = R(w™, ) De(w)™™(1 4 O(t)) as t — 0, (4.16)
where

R(z,t) = (1 — z)'? exp(— Liy(z) /t)

and the root D¢(w)™Y™ is defined by taking the (—n)-th root of each term in the product
(4.15) using the standard branch of the logarithm.

Proof. This is [8, Prop. 3.2]. O

We can evaluate o4(z,7) at 7 = ™ in terms of D¢(w), giving a “quantum modularity”

property for a function related to D¢(w).

Proposition 4.34. Let A = (¢%) € SLy(Z), and let m,n € Z, ged(m,n) =1, n > 0 such
that ja(Z) > 0. For Im(z) > 0,

D fumsonn (€ nz —1/(em+dn)
- <z’ %) _ e(cmisn)< (cm-i—dn)) ' (417)

Dy (e(2)) "

Proof. Suppose z € Cand 7 € H; let 2 = 2~ and 7 = A-7. Suppose also that 7 = ™ t

or+d T 27in?
for a small complex number ¢ with positive real part, and let m = am + bn,n = cm + dn.

We have

&) = @ el

Let ¢ =e(2). Ifr =12 L then ast — 0,

n  2min2
- b al+b t
oY _Gw O 4+ 0()
cT+d cr+d 2xin2 (¢ + d)
b t
:am+ n +O(t2)

cm+dn  2mi(cm + dn)?
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m t
== —-———40 t2).
n  2min? ()
Also, ast — 0,
~ nz
z=———"-+0(1).
cm +dn ®)
Let 2 = - and 7' = % — 5==. Then, it follows from the asymptotic formula in (4.16)

and the continuity in w of the functions on the right-hand side that

CERTG).

=0 (e(2);e(7)) o

Let ¢ = e(%) and Z: e(%). As t — 0, we have by Proposition [4.33| that

= 1. (4.18)

(e(2) ;e(7))oo = Rle(n2) ,1)De(e(2))"/"(1 4 O(1)) and
(e(Z);e(7)ee = R(e(nZ') ;) Dx(e(Z) "7 (1 + O(t)). (4.19)
However, nz' = (em + dn) ;- = nz. Thus, by (4.18) and (4.19),

(e ieP) _ D)
(e(2),e(T)ee  Dele(z))-1/m
Sending ¢ — 0 proves the proposition. -

+ O(1)).

The restrictions |w| < 1 in Proposition and Re(z) > 0 in Proposition are there
to avoid branch points of the logarithm and dilogarithm functions and could be removed or
relaxed by a more careful analysis. In particular, both sides of analytically continue
in z to a larger domain, so the identity would continue to hold on that larger domain.

Formally, seems to imply that f(z, %) = —%log De(%)(e(z)) defines a quantum
Jacobi form of weight 0 in the sense of Bringmann and Folsom [13]. (See also Zagier [82].)
There are a few issues with this: The function f has branch points at z € %Z, and Propo-
sition is proven only for Im(z) > 0 and jA(%) > (. These issues could potentially be
resolved by handling branch cuts carefully to extend the domain of and relaxing the
definition of a quantum Jacobi form to allow some undefined values.

The evaluation of ¥§(7) at rational 7 is more subtle due to the possible zeros of D (w).
The details are deferred to later work.

4.12. Special properties of the Shintani—Faddeev cocycle at real multiplication
points. The Shintani-Faddeev cocycle with characteristics has the following pseudolattice
invariance property at fixed points.

Proposition 4.35. Suppose thatr € Q?, A € Ty, and B € Dy such that A - 8 = (. Let
n € Z%. We have the invariance relation
Ja(B)wi(B) ifr € Z? and ry <0 <71y +ng,
Wi (B) = S a(B) e (B) ifr € Z% and ry +ny <0 < 1y,
wr(5) otherwise.

Proof. Let 1 = (}) and es = (?). For 7 € H, we have wyie,(7) = w,(7), and thus
vyt (1) = wi(7); the latter identity holds for all 7 € Dy by analytic continuation.
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Suppose that r1 & Z or 73 # 0. Then, @yie)(7) = (1 + e(r27 — 1)) '@, (7) and thus

1 —e(ror — 1)
wr+e2 — wr
i () L—e(ra(A-7)—11) 4 (7)
for 7 € H. Again by analytic continuation, this identity of meromorphic functions holds for

7 € Dy. Setting 7 = 3, numerator and denominator become equal, and so vt (r) = wi (7).
In the case when r; € Z and ry = 0, we instead must write

w£+62 (T) - l% Ur—l—ez,A(za T)

1—e(z) L
() 12) 47
= a(r)e((1 — ia(r) ™)) ().

Setting 7 = 3, we obtain &} "**(3) = ja(3) &k (B).
The proposition follows by writing n = nje; + nye; € Z? and making an induction
argument. 0

Proposition does not imply that % (3) is doubly periodic as a function of real r € R?;
it generally isn’t.

At fixed points, the Shintani—Faddeev cocycle with characteristics has a simplified func-
tional equation relating values at r and —r.

Theorem 4.36. Suppose thatt € Q> \ Z*, A€ Ty, and B € Dy such that A - 5 = 3. Then,
2 (8) 21" (8) = ¥ (A)xx(A).
Proof. Follows from Theorem by simplifying (4.11)) in the case when A - 3 = §. O

The following theorem shows that the real multiplication values of the Shintani-Faddeev
modular cocycle satisfy a GLy(Z)-invariance property.

Theorem 4.37. Suppose thatr € Q*, A €T, R € GLy(Z), and B € Dy such that A-B=0.
Let sg(8) = sgn(jr(B)), and suppose sg(5) # 0. Then,

wi(8) if det(R) =1,
SR(ﬂ)IET R- — A
s () {WE(B) if det(R) = —1.

Proof. By Lemma {4.10, jrar-1(R - ) = ja(B) = A > 0, so both values of the Shintani-
Faddeev modular cocycle in the statement are well-defined. Moreover, if sg(8) = —1, then
s r(B) = 1, and remains the same upon replacing R by —R; thus, without loss of
generality, we may restrict to the case of sg(8) =1 (that is, jr(8) > 0).

We will first prove in the case when det(R) = 1. Write R = (¢%) and r = (7}).
For 7 € H, we compute

(4.20)

wre(R-(A-7))
wWre(R - 7T)

ngm,l (R ) T) =

@ ((ers + dro) S48 — (ary + bra), S50

w((crl + drg)f:‘::g — (ary + brg), ZZL’;)
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ro(A-1)—r1 a(A-T)+b
w( i(AT)—i—dl’ c(A-T)+d>

roT—r1 at+b )

w( ct+d 7 et+d

By definition, we also have
w(re(A-1)—11, A7)

w(reT —1r1,T)

wi(T) =
Dividing, we obtain the identity
wit o (R-7)  op(re(A-7) =11, A7)

wjet(R)r(T) N UR(’I“QT — T, 7')

Taking the limit as 7 — 3, and using the fact that jz(5) > 0, we obtain

Uan-1 (12 - B)

wi(5)
proving in the case of positive determinant.
Now we deal with the case when det(R) = —1. It is easy to see that for R = R, and
R = R, implies the statement for R = R R», so since we have already proven the statement

for R € SLy(Z), it suffices to prove it for any one matrix of negative determinant; say, fix
R=(73'9). Consider 7 € H. Then

=1,

Te7) = (a7 — 11),e(7)) = (e(—rar +71) ,e(~7)) = Tae(R 7). (4.21)

o0

Applying (4.21]) to the numerator and demoninator, we have
w (A7)  wr(AR-T)
@ (7) Wre(R - T)

Sending 7 — [ proves (4.20) is this (final) case, completing the proof of the lemma. O

! (T) = =" (R 7).

Finally, we evaluate the real multiplication values of the Shintani—-Faddeev modular cocycle
forr € %Z, showing that they are algebraic units of a simple form. These values are much
simpler than those for r € Q \ 37Z that we will relate to Stark units.

Theorem 4.38. Let A € SLy(Z) be non-parabolic, and let B be a fixed point of A with
associated eigenvalue €. Then, for v € 7.2,

wi(8) = {MA’ VinVe il >0 (4.22)

(A, \/]Z)\/Lg if r2 < 0.
Forr € 37*\ 37, we have W5 (B) € {+1}. Therefore, if v € 372, then w3(3) is an algebraic
unit in an abelian extension of Q(3).
Proof. By Proposition [4.35] it suffices to evaluate @} (3) for r € {((1)) C(12), (M), (ig)ﬁ

Taking the principal branch of the square root €(7) = 1/ja(7), we obtain from Section
the formula

o) (9) = o 55 ) 0l VIR = v VRV,
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By Lemma [4.10] j4(53) = ¢, proving (4.22)). The fact the @4(3) € {£1} for the half-integral

characteristics r € {(192) , (1{2) , };; follows from the last line of Section 4.7}

Moreover, ¢ is a unit in Q(/) because it is an eigenvalue of an integral matrix of deter-
minant 1 with eigenvector (7), and 1 (A, v/ja) is a 24-th root of 1. The maximal abelian
extension Q(/3)%" contains v/ and the 24-th roots of unity. O

Finally, we show an equivalence between stable values (including RM values) of the Jacobi
and modular Shintani-Faddeev cocycles.

Proposition 4.39. Ifr € Q and g € C\ Q, then
olllr, 5], ] = w*[A].
Proof. Proposition m gives following identity of meromorphic functions of 7 € Dy

Wi (1) = o—aywallr, 7], 7).
The claim then follows immediately by Proposition [£.15] O

4.13. Conductor-lowering/level-raising relations. We will now show that certain real
multiplication values of the Shintani-Faddeev modular cocycle can be written as products of
RM values at points of “conductor 1.” The “conductor 1”7 points correspond to ideal classes
of maximal orders, at which the RM values will be directly related to Stark class invariants
coming from L-functions.

First, we define the conductor of a (real or complex) quadratic number.

Definition 4.40. Suppose 8 € Cgyaq is the root of a quadratic polynomial a8? +b8+c¢ =0
with a,b,c € Z, ged(a,b,c) = 1. Write b — 4ac = A = f2A, where Ag is a fundamental
discriminant. We say that f is the conductor of 3.

Equivalently, the conductor of f is the conductor of the multiplier ring ord(SZ + Z) =
(BZ + 7 : BZ + Z) of the (pseudo-)lattice Z + Z.

We use the following notation, following Iwaniec 35|, for the set of integral matrices of
determinant f.

Definition 4.41. For f € N, define
Gy = {(CCL Z) :a,b,c,dEZ,ad—bc:f}.

It turns out that every quadratic number can be obtained from a quadratic number of
conductor 1 by an integral fractional linear transformation.

Lemma 4.42. If € Ryuaa 15 a real quadratic number of conductor f, then there exists
some B € Gy and some a € Rquaqa of conductor 1 such that B = B - a.

Proof. Let F' = Q(f) and b = SZ + Z. Let O be the order of conductor f in F, and let Op

be the maximal order. Write bOr = a1 Z + asZ for some oy, a9 € F. Since b is a sublattice

of bOp, we can write
B\  (a b\ [oq
1) \ec d) \ay)"

for some integral change-of-basis matrix B = (2%). By general properties of lattices, the

change of basis matrix B has determinant det(B) = £[bOp : b]. Possibly reordering the
basis {aq, as}, we may assume det(B) = [bOpF : b].
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By Proposition [3.13], b is an O-invertible fractional ideal, so the index of b in bOp is
[60F : b] = [bOF : bO]
= [OF : O] by |44, Prop. A.2]
= f
Thus, det(B) = f; that is, B € Gy. If we let o = oL, then

Gg—;—i‘b:aal—i-baQ:é:B 0
ct+d  coqt+day 1 '

The next two lemmas concern the basic properties of Gy and its interactions with with
congruence subgroups of SLy(7Z).

Lemma 4.43. Let f,N € N. f A€ T'(fN) and B € Gy, then B"'AB € T'(N).
Proof. Certainly det(B~'AB) = det(A) = 1. Moreover, we may write
A=1+ fNA,

for some 2 x 2 integral matrix A;, where [ is the 2 x 2 identity matrix. Also, since det(B) = f,
fB~!is an integral matrix. Thus,

B'AB=1+N(fBY)AB=1 (mod N).
So B"'AB € T(N). O
Lemma 4.44. The right SLy(Z)-orbits in Gy are represented by upper triangular matrices:
G /SLa(Z) = {(§14)SLa(Z) s ad = f, 0 < b < a}.

Proof. A matrix (¢%) € Gy can be integrally column-reduced to a unique matrix of the
desired form using the signed Euclidean algorithm on ¢ and d, multiplying on the right by
products of the matrices ({1) and (9 '), and potentially multiplying by (' % ) in the last
step. The column-reduction matrix has determinant 1.

We now examine the values of w, under the action of the orbit representatives from

Lemma [4.44]
Proposition 4.45. Letr = (7)) € Q% and a,b,d € Z with 0 < b < a. Then, for T € H,

+b a—1d—1
- ( ) I EISTNG
=0

=0 d Z—i—m

Proof. The proof is a direct calculation:

wr<”d+b) T (1= o((h + r2)228 — 1))

k
(1-e(52r + (52 =)
H ( < dm+€+’r2)7_+ (b(dm-‘;ﬁ—l—’rg) . 7"1)))

m=0

I I I
I e I

~
I
(e}
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(1—e<a(m+€+%)r+ <b(£+dr2)—r1>>>
(1—e<(m+£+%)7+%<b(é%f2)—j—rl>>>

|
~ QU
Il I
= O —
3
18

.
|

7

—

I
—
13

T
—~ o
T 3
I
= o
<
Il
o

I
—
—
13

(1 . e<(m + Z-&;{z) r— d(j-i-m)a—db(f-i-rz)))

@T
- O

=0T
—~ o
I
=)

I
—
—

W d(j+r1)—b(+ry) L+rg (T)
ad 'd

=0 =0
a—1d—1
== w -1/44 T
L=
using (g6)7" = = L (470) in the last step. O

We now give a “conductor-lowering /level-raising” relation for the RM values of the Shintani—
Faddeev modular cocycle.

Theorem 4.46. Letr € Q/Z, f € Z, and B € Gy. Let A € ﬂ [s. (In particular, this

s€Q?/z?
Bs—recZ?

holds if v € +Z/Z and A € T(fN).) Let o be a fized point A. Then,

Uhap1(B-a)= ] wila
scQ? /72
Bs—reZ?

Proof. By Lemma [4.44) we can represent B as B = (24)C for some a,b,d € Z, ad = [,
0 <b < a, and some C' € SLy(Z). Thus, by Proposition m,

a—1 d—1

wr<B~T>=wr(M) I T =g g0 € )

J1=052=0
for all 7 € H, where j = ( ) Thus,

we(B-(A-7))

WEAB*1 (B ’ T) = (B 7_)
a—1 d—1 1 A-
oyt ) 60 G4 )
J1=0 j2=0 ( Tt (C 7)
a—1 d— a b

)

1=0 j2=0

Sending 7 — « and using Theorem wit h R = C~!, we obtain

a—1 d-1 a—1 d-1

2051 (B ) = HHwA< 5y = TT T2 0

Jj1=072=0 J1=072=0
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By Proposition 4.35) wf_l(jﬂ)(a) is periodic of period a in j; and period d in j,. Moreover,
the set of column vectors s € Q?/Z? of the form s = B™'(j + r) with j € Z? are precisely
those such that Bs —r € Z2?. Thus,

Wpap-1(B - a) H v (a O
s€Q? /72
Bs—reZ?

5. COHOMOLOGICAL INTERPRETATIONS OF THE SHINTANI-FADDEEV COCYCLES

We will now offer some more formal cohomological perspectives on the groups of “cocycles”
and “cohomology classes” introduced in the previous section. In Section [d we described the
tuple & = (¥%) acr, of meromorphic functions as an element of a group Z(I'y, M) of “1-
cocycles,” defining a coset class [#*] in a quotient group H} (T, M). A key property of
this “cohomology class” is that the stable values (including the real multiplication values)
are (essentially) independent of the choice of class representative; see Proposition . We
will now present several ways of describing the group Hp(I'y, M) (and variants thereof) in
a matter resembling existing cohomology theories. Similar constructions can also be used
for the groups of Jacobi cocycles, but we omit the details in that case.

Our cocycles are group-cohomological cocycles, with the essentially modification that they
are valued in abelian groups M*(U,) that vary based on the element A € T',.. In Section ,
we provide a simple generalization of the definition of the first cohomology of a group to
accomodate this modification. In Section [5.2] we provide a more complicated construction
of a sequence of cohomology groups, somewhat akin to equivariant sheaf cohomology; we
connect this construction to H;(Iy, M) and to a “parabolic” variant in Section [5.3]

These constructions are meant to provide a launching point for any future efforts to de-
scribe the structure of Hf;(T'y, M) (or arelated group) using tools such as spectral sequences
to study maps between it and better-understood cohomology groups, such as Eichler coho-
mology. They are not intended to be a complete exposition of a new cohomology theory,
nor are they meant to be a final authoritative answer to the question of what group the
Shintani-Faddeev modular cocycle “should” live in.

5.1. Generalized first group cohomology. We first describe a simple modification of the
first group cohomology that encompass the groups described in Section

Let T be any group and M an abelian group (written multiplicatively) with a compatible
right action of I' (written as exponentiation). In other words, M is a right ZI'-module. The
theory of group cohomology associates a series of comomology groups H"(I', M) to the pair
(', M); see, for example, |63, Ch. VII] for details. The first cohomology group is a quotient
of two subgroups of the group of functions from I' — M; we denote evaluation of a function
m:I'— M at m € M by m,.

{m L= M| my,,, = m§2m92}

HY T, M
( )= {m:T — M | my,=c9% " for some c € M}

Now, suppose we have a function NV : I' — {subgroups of M} denoted by N,. We may define
a generalized first cohomology group

{m:T — M | my € Ny,myg,,, :m92mg2}

ﬁ[]l\f(rvM): .
{m ['— M |my = coc™! for some c € (), N, }
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Now, as in Section let F be a sheaf of multiplicative groups of C-valued functions on
a topological space X with a continuous action I' x X — X. Let U be a system of domains
in the sense of Definition [4.1] If each U4 O H and the restriction maps F(Us) — F(H) are
injective for all A € I', then it follows immediately from definitions that, for N4 := F(Uy,),
HL(T, M) = HL(T, F).
In particular, this isomorphism holds when I' = T',, Uy = D4, and either F = M* or
F =A%

5.2. Equivariant (Q,V)-cohomology of I'-sheaves. We now describe a more sophisti-
cated approach that that produces higher cohomology groups Hg’V(F, F, X°) associated to
a sheaf on a space with a group action, along with other data.

Let X be a topological space with a continuous action of a group I'. Let ) be a I'-set,
that is, a set with a I'-action. Fix open sets Vy; C X for each n € N and q € Q™. Suppose
that, for A €' and q € Q",

A-Vq="Vag
where the action is diagonal, and also suppose that

Va €[ Va (5.1)
=0

for q= (q07 B 7QTL) and (Alz = (q07 oy i1, Qi1 - - 7q’n)
We need the following definition of a I'-sheaf, which behaves like a sheaf of ZI'-modules
but is more general.

Definition 5.1. A T'-sheaf F on X is a sheaf of abelian groups on X along with a “I'-
action” defined by abelian group maps f — f4 from F(U) — F(A™! . U) commuting
with restriction maps (so that f4]y, = (f|y)? for all open sets V C U) and satisfying the
compatibility relations f! = f and (f%)° = fB¢. A map of I-sheaves is a map of sheaves
of abelian groups that commutes with the I'-action.

We can define a “fixed sheaf functor” as follows; this functor is left exact.
Definition 5.2. For any I'-sheaf F on X, we define the fized sheaf F' of abelian groups by
F'U)={f € F(U) : flvna-rv = fluna-ry for all A €T}
Additionally, if ¢ : F — F’ is a map of sheaves, then for f € F'(U), we define
vu(f) = eu(f).

Together, these data define a functor from the category of I'-sheaves on X to the category
of sheaves of abelian groups on X.

Proposition 5.3. The fixed sheaf functor is left exact.
Proof. Consider an exact sequence of I'-sheaves
1R 5 R5 7
We want to show that the sequence of sheaves of abelian groups
1 PP T

is exact. To do so, we must show that ker o' = 1 and im ¢! = ker '



54 GENE 8. KOPP

The first is easy: For each open set U C X,
(ker " )(U) = (ker o) N F3 (U) = 1

because ker ¢y = 1; thus, ker o' = 1.
It remains to show that im ¢" = ker ' it’s clear that (im ¢")(U) C (ker ¢)")(U) for each
open set U C X, so we must show the reverse inclusion. For each U,

(ker ") (U) = (keryy) N Fy (U) C ker by = im oy

Suppose that f, € (ker¢V)(U), so in particular, fo € impy. Write fo = oy (f1) for some

fi € Fi. Thus, pu(fo) € F5(U), so gu(fi') = wu(fi)* = ¢u(fi). The function gy is
injective, so fi* = fi. Thus, f, € imp}, = (im¢")(U). We've now shown that (im ") (U) =
(ker 1) (U) for each U, so im " = ker ¢! O

Let F be a I'-sheaf on X with the group operation written multiplicatively. Define the
[-sheaf C™ with underlying sheaf of abelian groups

C'=Chvr= [] Fv

qun+l

and group action defined for f € C"(U) by
((fq)qu"“)A = (fﬁq)qu”“'
To check that C™ is a I'-sheaf, observe that
(fYa=faq € F(A ' (VaqgNU) =F(A  Vaqgn A U)=F(Vgn A - U).
Now consider the complex of sheaves
1020t &y 02 %

where the boundary maps are defined (on each C™(U)) by

We may apply the fixed sheaf functor to obtain a complex of sheaves of abelian groups
oy or oy
TR 1) RN N N RO

Finally, we choose a particular open set X° C X and apply the left exact functor C — C(X°),
@ — pxo from the category of sheaves of abelian groups to the category of abelian groups.
Taking the induced maps to be d,, = (0L) xo, we obtain a complex of abelian groups

1— () (X°) & (c)(x) & () (x°) & ... (5.2)
Definition 5.4. The equivariant (Q,V')-cohomology of F on X° is defined to be the coho-
mology of (5.2)), that is,

" o Kker(dy)
HQ,V(Fa}—vX ) = im(dn_l)'

We will now compute the zeroth and first cohomology groups more explicitly. While not
needed for the definitions above, we will now add the assumption that the V, cover X°.
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Proposition 5.5. Suppose that | J,.,V; 2 X°. Then,
Hy (T, F,X°) = F(X°).

Proof. By Definition [5.4] the zeroth (Q, V')-cohomology group is

~ ker(dy)

HY (T, F,X°) =
Q,V( 7F7 ) 1m(d_1)

where the d,, are as in (5.2). The condition that f € (C°)'(X°) is equivalent to the condition
that f € [[,cq F(X°NV,) and f, = (f*)q = fi4 The condition that do(f) = 0 means that

fao = [4 for every pair (qo,q1) € Q*. Therefore, fixing any choice of ¢y € Q,

= ker(do),

ker(dy) = {fE HF(XC’qu):fq:qu = ;3}.

q€@
By gluing, the diagonal map defines an isomorphism F* (U sco(X°N 1@)) = ker(dp); more-
over, by hypothesis, F* (UQEQ(XO N %)) = FI'(X°). O
For the computation of the first cohomology, we will also assume that I' acts transitively

on (). We give a presentation of the first cohomology that generalizes the usual presentation
of standard group cohomology.

Proposition 5.6. Suppose that quQ Vg 2 X° and that ' acts transitively on Q). Fix any
Qo € Q, let T'y = stabr(qo), and choose for each g € Q some A, € I with A, - ¢ = qo. Then,

Zézvv(lj,]-"7 X°)

HY (T, F, X°) = 5.3
Q,V( I ) Bé’V(FJ‘F7 Xo) ( )
where
o ATt
Zé,V<F7F7X ) = {g € HF(‘/:],QO) "9AArq T gAg-qul'QO} ; (54)
q€Q
1 oy _ . Fhe Fro(Vy)
BQ,V(FMF?X ) - {g € ];[Q‘F(‘/;qu) * such that gy = hAqh—l (55)
q
These groups can also be written as
Az .
1 0\ ~Av . WAL A, = WH WA .
ZQ,V(F7‘F7X ) - {w € AHEF‘F(VALQOHO) : Wy = 1 fOT 114 c FO } ’ (56)
0N o 3 he Floy,
Bl y (T, F, X°) = {w e }'[Ff(vA_l_qO,qO) ShET ) } (5.7)
€
Proof. By Definition [5.4] the first (@, V')-cohomology group is
ker(d;)
Hy (T, F,X°%) = .
Q,V( 7f7 ) 1m(d0) ) (5 8)

where the d,, are as in (5.2). The condition that f € (C')'(X°) is equivalent to the condition
that f € [, meqz F(X° N Vo) and fo 4, = ( e = fAq.aq The condition that
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di(f) = 0 means that fy, ;o = fo.efaqs fOT €very pair (qi,qa,q3) € Q3. If g, = foq for
f € ker(d;), then

A—l —1
— — J— 1 — 1
JA1Az-q = fA1A2-q7qo - fA1A2'q7A1'QOfA1'q07q0 - fAQ-q,qofArqo,qo = 945.¢9A1q0-

Thus, with Z}, (', F, X°) as defined in (5.4)), there is a homomorphism
ker(dy) 2 Zb (I, F, X°)

f = (foa0)acqs

and the hypothesis that ' acts transitively on () ensures that ¢ is an isomorphism.
Moreover, f € im(dy) if and only if f,, 4, = hg h,,' for some h € (COY(X°). By transitivity
of the group action, this is equivalent to the condition that f,, = h;‘o h;}l for every A € T’
such that A - ¢ = ¢o. In turn, setting h = h,,, this is equivalent to the condition that
faq = PAh™" and h € F'o(V,,). Thus, ¢(im(dy)) = Bj (T, F,X°) as defined in (5.5).
Therefore, follows from (}5.8)).
Finally, the map sending g — w where ws = ga-1.4, defines the isomorphisms and
O

(5.7), having inverse maps defined by g, = wa, .

5.3. From the working definition to equivariant (@, V)-cohomology. As in both
Section [4.1 and Section [5.2] let X is a topological space with a continuous action of a group
I'. As in Section [4.1], let F be a sheaf of multiplicative groups of C-values functions on X.
For A €T and f € F(U), write f4 € F(A~1-U) for the function defined by f4(u) = f(A-u).
We see by inspection that F is a ['-sheaf in the sense of Definition |5.1

The cohomology group H{;(T', F) defined in Section is identified with an equivariant
(I, V')-cohomology group by the following proposition.

Proposition 5.7. Let (Ua)aer be a system of domains in the sense of Definition cov-
ering an open subset X° of X, and suppose Uy = X°. For any A,B € T', set V4 = A- X°
and Vap = B-Up-1p. Forn > 2, define Va = ﬂ?;ol Vai s for A= (Ao, ..., A,) € T
Then,

Hy(T, F) = Hi (T, F, X°).

Proof. We check directly that A-Vp = AB - X° = Vyup, A- Ve = AC - Ug-1c = AC -
Uasy-1(ac) = Vap,ac, and thus A- Vg = Vg for B € ['"*+1: the inclusion is also
verified directly.

We now apply Proposition with @ =T and ¢o = I. We have V-1, 40 = Va-11 =Uax
and Ty = stabp(I) = {I}. Then and define the same groups of cocycles and

coboundaries as defined in Definition [Tk
Zy(T, F) =2 Zp (T, F, X°);
By (T, F) = B (I, F, X°).
The proposition follows. U

Writing r = <§ ;;Z; ) , the Shintani-Faddeev modular cocycle satisfies an triviality condition

with respect to the matrix 79 = (| ©); specifically, @5, (7)) = 1. Suppose that r ¢ 172, so
that —I ¢ I'y. Under the fractional linear transformation action of 'y, let

Iy oo = stabp(oco) = (T%).
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The triviality condition can be expressed by stating that @* is a member of the group

Az
1 L . WA A, = Wy WAy,
Zp par-oo(I's F) 1= {w € H F(Da) : wy = 1 for Ac It o0 }

= {U} € H F(DA) CWA Ay = wﬁfwAz;quz = 1}

A€l
with F = M*. We may additionally define

3 h e Frre=(C
B]]%),par—oo(l_‘7]:) - {U} € H ]:(]D)A) : such that 'LUE{ ) hAh ! }

Aely
Z3 par-oo (L, F)
H ool 1. ) = 22 05 (5.9)
,par-oo )

Note that this “parabolic at 00” cohomology group is not the same as parabolic cohomology

imposing vanishing conditions at every cusp.
For ¢q,¢q € T} - oo with ¢ # ¢/, define

+1 if (3 el, ——oo ely (q,¢)and ¢ >0

san.(q.4) = (e q) €Ix) ( ) ( ,)

-1 if(3(2f)eTly) (—— o) €Ty (q,¢)and ¢ <0

This sign is well-defined because —I ¢ I'y, so in particular —1 ¢ I'y . Comparing (5.9)

with Proposition and especially (5.6) and , we immediately obtain the following

proposition, identifying the “parabolic at co” cohomology group with an equivariant (Q,V)-

cohomology group for Q) =T} - co.

Proposition 5.8. Let v € Q?\ 372 Let Q =T,-co (which is a subset of QU{oo} = P1(Q)).
For q,q € Q, set V, = (CU{oo}) \ {¢} and

(CU{ooh)\d.a] ifq#q and sgn.(q,q) = +1,
Voo = § (CU{oo}) \[a,q'l ifq# ¢ and sgn.(q,q) = —1,

Vq ifq=4q.
(Here, for x,y € R, the notation [x,y] is the usual closed interval from x to y if x < vy,
and [x,y] = [r,00) U{oo} U (—o0,y] if v > y. We define [00,z] := {o0} U (—o0, 2] and
[z, 00] := [2,00) U{oc0}.) Forn > 2, define Vg = (=g Vi for 4 = (qo,- -, qn) € T2
Then,

H]I%),par—oo(rmf) = Hclg,V(Fl‘a-/—:a (C)

The definition of equivariant (), V')-cohomology should be more broadly applicable beyond
the propositions stated and proven in this section. In particular, the Shintani-Faddeev Jacobi
cocycle will be identified with an equivariant (@, V')-cohomology class for the Jacobi group
72 xSLy(Z). More generally, one hopes that the definition will apply to (r; +rs — 1)-cocycles
for Z" x SL,(Z) encoding Kronecker limit formulas for more general number fields F' with
[F: Q] =nand F®R = R"™ x C™. This seems particularly feasible in the totally real case
(ro = 0, multiple sine functions) and the almost totally real case (ro = 1, multiple elliptic
gamma functions, including the complex cubic case [11]).

It would also be interesting (in future work) to use this framework to consider additive
cocycles for the weight k action (f|,A)(7) = ja(7)*f(A - 7) of finite-index subgroups of
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SLy(Z), such as cocycles of holomorphic quantum modular forms, generalizing Eichler co-
homology. More generally, one could consider additive cocycles for the “weight w” action
(flwA)(T) :=wa(T)f(A - 7) for any multiplicative cocycle wy, including wy = @}.

6. PARTIAL ZETA FUNCTIONS

In this section, we introduce two partial zeta functions, the ray class partial zeta function
and the ideal coset partial zeta function, and we prove that they are closely related. We
also relate the ray class partial zeta function to the Galois-theoretic partial zeta function
appearing in Tate’s refinement of the Stark conjectures. We also discuss statements of the
Stark conjectures in terms of differenced ray class partial zeta functions.

6.1. Ray class partial zeta functions. Let F' be a number field and O be an order in F.
Let m be an ideal of O and X a subset of the set of real embeddings of F'.

To a ray class in the flat imprimitive ray class monoid, we associate a zeta function. (The
dependence of O is implicit in this definition, via the dependence on 2.)

Definition 6.1 (Ray class partial zeta function). Let 2 € Clmk:n,z(O). For Re(s) > 1, define

Cmx(s,2) = > Nm(a)™*. (6.1)
ac?
aCO
In the case of the maximal order, the ray class partial zeta function can be reduced to the
ray class group case.

Proposition 6.2. Let A € Clm]bmz((’)p). Choose an ideal ¢ € J;, (OF) such that ¢ = [(70)]
for some g € Op, and let 9 = m + yOp. Then

Cux(s,2) = Nm(d) *Cw.n(s, A") (6.2)
where m’ = 07'm and A’ = [y¢ 107! € Clyx(OF).

Proof. By definition of Cl_rnin,z((’)p), for an integral ideal m, we have that
a e < ca=~yOp with y =7 (mod m) and p(y) >0 for p e X
= ca =yOp with 7y €0
— ca
—> 0la because ¢ is coprime to m and thus to 0.

Additionally, v9~ ! is coprime to m’, so 2 = [yc~'07!] defines a class in Cly x(OF). Moreover,
for integral ideals a € 2, the ideals ad™! run over all ideals in the class 21'. Equation (6.2)
follows. O

The ray class partial zeta function has an analytic continuation to C \ {1} with a simple
pole at s = 1 [53, Ch. VII, Thm. 5.9]. Taking a difference of two ray class partial zeta
functions cancels the poles and leads to a nicer constant term at s = 1. This behavior led
Stark [71] to study certain differences of partial zeta functions.

Definition 6.3 (Differenced ray class partial zeta function). Let 98 be the element of
Clm,, 5,(0) defined by

R:={a0:a=-1 (mod m) and p(a) > 0 for all p € X}.
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For any ray class 21 € Cl_mfn,z((’)), define
Zm,E(Su Q() = Cm,2(57 Ql) - le:(sv %Q()

6.2. Ideal coset partial zeta functions. To a subset X of the set of real embeddings of
F and a function (p +— ¢,) : ¥ — {%1}, associate the cone

Cx(s) ={a € F :sgn(p(a)) =, for all p € £}.

Definition 6.4 (Ideal coset partial zeta function). Let b be an ideal of O coprime to m, and
let 7o € b. Define

Cnx(b,7%,¢) = (70 + bm) N Cs(s).
The ideal coset partial zeta function is

611?,2(87 baWOug) = Z Nm(’y)_s
’YECm,E(ba'YO7§)/Um,E(O)

In the case when m is an ideal of a larger order (', the zeta functions Cn(? 5, and Cn(? /E are
the same under ideal extension of b. Specifically, Uy »(O) = Uy, 5(O) by definition, and

Cnxz(6,70,5) = (70 +bm) N Cx(s) = (10 +bOM) N Cx(s) = Cux(bO',70,5),
SO n?,2<87b7707g) = g,,2(370/57’707§>~

6.3. Equivalence of partial zeta functions. From Proposition [3.9] we have the exact
sequence of multiplicative monoids

(O/m, x) x {£1}* = Clm,, 5,(0) % CI(0) — 1.

For each 2y € C1(O), the exact sequence gives a surjection

(O/m,x) x {£1)7 2 67! ().

This surjection is described by the formula vy, (70,5,) = [Yb7'], where b € 2 is any rep-
resentative coprime to m, and v € O satisfying v = 79 (mod m) and sgn(p(y)) = ¢, for
pE .

Proposition 6.5. Let 2y € C1(O), and choose an integral ideal b € ;" such that b is
coprime tom. Let 2 € ClmLE(O) such that ¢p(A) = Ag. Choose some vy € b and ¢ € {+1}>
such that Uy, (7o, s) = A, where 7, is the reduction of 79 (mod m). Then,

s -1
Nm(b) ™ *Cus(5,2%) = [Umns0).5(0) : Uns(O)] " &nx(s, 0,70, ).

Proof. For any a € 2, write ab = O for some v € b such that v = 7 (mod m) and
sgn(p(y)) =, The choice of 7 is determined up to a unit that stabilizes 7y (mod m) and
is positive at the real places in ¥. The group of such units is precisely Ummtr,0),5(O). The
map a — 7y defines a bijection

2A l> Cm,Z(ba Yo, §)/ U(m:m—i—’yo@),E(O)a
a— .
In terms of zeta functions, we have

Nm(b) *Cmx(s,A) = > Nm(ab) ™

ac
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= >, Nam@y

Cm,x(6,70,5)
U(m:er’yOO),E(O)

= [U(m:m+’)’00)72<0) : Um,E(O)] - ém,2<87 ba Yo, g) U

6.4. Galois-theoretic partial zeta functions. In this section, we introduce the Galois-
theoretic partial zeta functions used in Tate’s formulation of the rank 1 abelian Stark con-
jecture in 75| Sec. 4].

e

Definition 6.6 (Galois-theoretic partial zeta function). Let H/F be an abelian Galois ex-
tension of number fields. Let S be a finite set of places of F' containing all the places that
ramify in H as well as all the infinite places of F', and let S = Sg, U S, for a set of finite
places Sg, and a set of infinite places S,,. For any o € Gal(H/F') and Re(s) > 1, define

$(o,s) = E Nm(a)~. (6.3)
aCOp
(Vp€Shin)a+p=0p
Art([a])=0c

In the case when H = Hn? § is a ray class field of the maximal order, the Galois theoretic
partial zeta function is equal to the ray class partial zeta function.

Theorem 6.7. Let A € Clyx(Op) for m a nonzero Op-ideal and ¥ a subset of the real
places of F'. Let 0 = Art(2d) € Gal(Hn(zg/F). Let Sgy be the set of primes of O dividing m,
let So be the set of infinite places of F', and let S = Sgy U S. Then,

gal(g7 S) = gm,E(S; %)

Proof. An integral ideal a C Op is coprime to every p € Sg, if and only if it is coprime to
m, and Art([a]) = o if and only if a € 2. Thus, the Dirichlet series in (6.3]) has the same
terms as the Dirichlet series is (6.1]). O

Theorem [6.7]is essentially a restatement of Artin reciprocity, which we have used implicitly
here, in terms of zeta functions.

6.5. The rank 1 abelian Stark—Tate conjecture. We now state Tate’s refinement of the
rank 1 abelian Stark conjecture. The following conjecture appears as 75|, (4.2) Conjecture
St(S, K/k)|, but we remove several equivalent statements for conciseness. Our notation
differs from Tate’s only in that we denote field extension as H/F rather than K/k.

Conjecture 6.8 (Stark—Tate conjecture ST(S, H/F)). Let H/F be an abelian extension of
number fields, and let W be the number of roots of unity in H. Let S be a finite set of
places of F' containing all the places that ramify in H as well as all the infinite places of F,
satisfying |S| > 2. Suppose that S contains a place p (finite or infinite) that splits completely
in F, and let T = S\ {p}. Let UL, denote the set of elements o € H* such that its Q-adic
valuations at places Q of H satisfy

’a|Q = 1 fO’f’Q’q ¢ S7
lalq =1 for Qg €T, if |T|>2, and
|a|q = a for Q|q and a constant, if T = {q}.
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Then, there is an element ¢ € UST’H such that
log |o(e)|y = =W (s(0,0) for each o € Gal(H/F) and *Blp
and such that H(e'/V) is abelian over F.

While Tate attributes the full conjecture to Stark in the case when p is Archimedean, his
statement is stronger that Stark’s published conjectures even in that case, so we use this
refinement even though only the Archimedean case is important to this paper. Precisely,
Stark conjectured that H (/") is normal over F', without claiming in print that the group
Gal(H (/") /F) is always abelian [73]. We will need Tate’s refinement to conclude that the
RM values of the Shintani-Faddeev modular cocycle live in abelian extensions of F'.

We now give an alternatively statement of a special case of the Stark—Tate conjecture.

Conjecture 6.9. Let I be a real quadratic field and m a nonzero integral Op-ideal such
that m # Op. Let {001,002} be the two real places of F' and {pi, p2} the corresponding real
embeddings. Let H = H\S?OQQ, and let py : H — R be any embedding extending p,. Then, for

all A € Clyoo, (OF), there are elements sy € Oy such that

p1(ax) = exp(—2(ha, (0,21))
(Art(B))(sx) = sums for B € Cluoo, (OF), |pa(an)| = 1 for all py extending ps, and H('/?) is
abelian over F'.

Proposition 6.10. Conjecture implies Conjecture [6.9,

Proof. Assume Conjecture . The real place oco; is unramified in H/F, so H has real
embeddings; thus, the number of roots of unity in H is W = 2.
Let S = {prime ideals pjm} U {o0y, 002}, and let T'= S\ {oo;}. Then |T'| > 2, so

Uly ={n€ O : |pa(n)| =1 for all p, extending ps}.
By Conjecture [6.8] there is an element € of this group such that
log |p1(c(e))| = —2(4(0,0) for each o € Gal(H/F) (6.4)

and such that H(c'/2) is abelian over F. This statement remains true if ¢ is replaced by —¢,
so choosing e appropriately, we may assume p;(¢) > 0. Denote also by p; an extension of p;
to H(¢'/?), and let v = +e'/2 so that p; (v ) > 0. We have ¢ = v?, and o(¢) = o(v)? for any
o € Gal(H(¢"/?)/F), and thus p,(co(¢)) = pi(c(v))? > 0. Since any o € Gal(H/F') may be
extended to H(¢'/?), it follows that p;(c(¢)) > 0 in (6.4), and thus

p1(o(e)) = exp(—2(5(0,0)) for each o € Gal(H/F).

For 2A € Clnoo, (OF), set eg = (Art(A))(e). Thus, we have (Art(B))(ey) = s, and (5(0,0) =
0,2l) by Theorem [6.7] n completing the proof O

mooz (

We will actually use an essentially equivalent formulation in terms of the differenced
zeta function of a class in the ray class monoid. We show that Conjecture (and thus
Conjecture implies the statement we need.

Proposition 6.11. Assume Conjecture[6.9. Let F' be a real quadratic field and m a nonzero
integral Op-ideal. Let {o01,009} be the two real places of F' and {p1, p2} the corresponding
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real embeddings. Let H = Hyo,, and let p1 : H — R be any embedding extending py. Then,
for all A € ClminQ(OF), there are elements sy € OF; such that

i(2a) = exP(=Ziy (0,21)) (6.5)

(Art(B))(ex) = sus for B € Cluoo, (OF), |p2(ex)| = 1 for all py extending ps, and H(gél/Q) 18
abelian over F. For 2 € Clyoo,(OF), these are the same ey as in Conjecture .

Proof. If 2 € ZClm,bnoo2 (OFr) (including the case m = OF), then Cuoo, (8, 2A) = Cuoo, (8, RA),
so Z} .. (0,20) = 0, and we may take g = 1. Henceforth, assume 2 ¢ ZClm?11002 (OF).

We now consider 2 € Cliyoo, (Op). Standard results in the theory of L-functions give
gmooz (O) mQ’[) = mez (07 2[), (66)
Gy (0, RA) = — (0, (0,21). (6.7)

Specifically, (6.7 is proven as 74, Prop. 5] by means of writing the partial zeta functions
in terms of L-functions of finite-order Hecke characters, and is proven similarly. Thus,
under the assumption of Conjecture

pi(an) = XD (— 2000, (0, %)) = exP(—Chro, (0,A) + G, (0, RA)) = exp(—Z,, (0, 2)) -

Finally, consider a general 2| € Clml:nm2 (OF). In the case when 2 = [a] with m|a, (6.5)
is trivially true with ey = 1, and the Galois action is trivial. Otherwise, choose an ideal
¢ € J:(OF) such that ¢ = [(70)] for some vy € O, and let 9 = m + 4 Op, ' = 0"'m, and

A = [y¢ '07!] € Clux(OF). By Proposition [6.2] we have
Zms(s,2A) = Nm(d) ™ Zw n(s,2A).

By (6.6), we also have Zy 5(0,2) = 0; it follows that Z}, 5;(0,2) = Z}, +,(0,2'). Since 2 is
not of the form 2A = [a] with m|a, we know that m’ # Op. Applying Conjecture to A’
and taking eg = gy proves the rest of the proposition. 0

7. PARTIAL ZETA FUNCTIONS AT s = () AND CONTINUED FRACTIONS

In this section, we relate this value of a real quadratic ideal coset partial zeta function at
s = 0 to an RM value of the Shintani-Faddeev modular cocycle. That is, we demonstrate
that a formula like that given in Theorem is true. We will need to tie up some loose ends
to complete the proof of Theorem in Section

Our proof relies on Shintani’s Kronecker limit formula for real quadratic fields, originally
proven in [65]. Many variants of this formula exist. Our presentation most closely follows
Tangedal [74], whose formula builds on earlier work of Zagier [80,81], Arakawa [3], Hayes
[32], and Sczech [61,/62]. Yamamoto [78] independently developed a similar approach to
Tangedal’s; see Onodera [54] for a comparison.

In this section, to ease the burden of the notation, we will consider our real quadratic field
F to be embedded in R using the real embedding py, so p1(8) = S and po(5) = B’ for g € F.

7.1. Hirzebruch—Jung continued fractions. Tangedal’s formulation of Shintani’s for-
mula uses a particular type of continued fraction expansion. Before discussing zeta functions,
we establish some fundamental results about these continued fractions and their connection
to expressions for elements of SLy(Z) in terms of the matrices S = ({ ') and T'= (3 1).



THE SHINTANI-FADDEEV MODULAR COCYCLE 63

Definition 7.1. For ag, ay,as, ..., ag, ... real numbers, we denote
1
lag, ay, as, ..., ar]- = ap — 1
a e —
! 1
a[ _——_—
2 ) 1
ay
and
) 1
ag, ai, s, ...|— := lim |ag, ay,as, ..., ax]— = ap — —T
k—00

ag — —

provided the limit exists. In the special case when the a; are integers and a; > 2 for all j > 1,
we call these expressions Hirzebruch—Jung continued fractions or HJ continued fractions. For
an irrational real number «, its unique such expression of the form

a = [ag, a1, as,...|-

is its Hirzebruch—Jung (HJ) continued fraction expansion. We will also use the notation
lag, ai,...,ak, Gpr1, Gria, - -, Grye)— for a periodic Hirzebruch—Jung continued fraction.

Our terminology follows Popescu—Pampu [57]. These continued fractions play a crucial
role in Hirzebruch’s work on Hilbert modular surfaces [34] and were studied earlier by Jung
in a related context [37]. In the literature, HJ continued fractions are also called “” con-
tinued fractions [38] or minus continued fractions [39], backwards continued fractions [1,|]12],
negative-regular continued fractions [52|, reduced regular continued fractions [28], and by-
excess continued fractions [48]. They are closely connected to the SLy(Z) reduction theory
of indefinite integral binary quadratic forms. Proofs of the fundamental properties of HJ
continued fractions and their connection to reduction theory are available in the work of
Svetlana Katok [38}39).

Proposition 7.2. Let 3 be a real quadratic number. Then, B has a periodic HJ continued
fraction expansion

ﬁ = [ao,...,ak,bl,...,bg]_.
This expression is purely periodic if and only if 0 < ' <1 < .

Proof. See |39, Thm. 1.3 and Thm. 1.4]. d
Definition 7.3. If r = (1), set {r} := (T;QFL;J;). That is, {r} =r (mod 1), and {r} =r

if and only if —1 <r;y <0Oand 0 <7y < 1.

Definition 7.4. Let § be a real quadratic number satisfying 0 < ' < 1 < f, and let
r € ~7%\ 77 satisfying {r} = r. The associated HJ cycle data are:

positive integers k, ¢,

integers b, > 2, n € Z/lZ,

real quadratic numbers 3, for n € Z/VZ,

matrices P € SLy(Z), A € Ty,

matrices A,,, € SLy(Z) for m,n € Z,

r, € 2>\ Z* for n € Z/k(Z, and

real quadratic numbers w,, for n € Z/k(Z.



64 GENE 8. KOPP

(Sometimes we will use the term “HJ cycle data” while only requiring a subset of this data.)
They are defined as follows. The number [ has a purely periodic Hirzeburch—Jung continued
fraction expansion

B = [bOa b17 s 765—1]—
of period ¢; treat the indices as elements of Z/{Z, so b,y = b,. Let B = By, 1, ..., Be—1 be
the real numbers with Hirzebruch—Jung continued fraction expansions given by the cyclic
permutations of the Hirzebruch—Jung continued fraction expansion of ; that is,

Bﬂ = [bn7 bn+1 s 7bn+€fl]7-

Let P = T%ST"S...T%18 so P-f3 = 3 and (—I, P) is the stabilizer of 5 under of the
SLy(Z)-action by fractional linear transformations. Choose k € N so that A = P¥ is the
smallest positive power of P in I'y. Define the matrices A,,, for m,n € Z by

Tbm STbm+1 G ... Tbn-1g for m < n,
Amn =141 for m = n,
(T STPn+1S - - -Tb”HS)_1 for m > n.

Thus, Ap,nyAnons = Anins, Aoe = P, Aoge = A, B = Apmn - Bn, and in particular
Let r,, = {A,or}, and let w, = [[ry,, B,]]. The index n € Z/k(Z.

Lemma 7.5. Let 3 be a real quadratic number with 0 < 8’ <1 < 3, and let 3, and A,,,, be
associated HJ cycle data, as in Definition [7.4 Then,

6m+1"'ﬁn z'fm<n,
(Bog1---Bm) " if m>n.
Proof. If m = n, (7.1)) holds because both sides are equal to 1. We will prove the recursion
Jamn (Br) = Bms1Jamir.n (Bn); then (7.1f) will follow by induction on n —m (for m < n) and
induction on m — n (for m > n).
To prove the recursion, use the fact that A,,, = T°"SA,,.1, and the cocycle property of
j. We have:
jA’m,n (ﬂn) = ijmSAm_g_Ln (/Bn)
= .]TbmS<Am+17n ! /Bn)jAnL+1,n (571)
- /Bm+1jAm+1,n (6774) |:|
Lemma 7.6. Let B be a real quadratic number with 0 < 5/ < 1 < (3, and let 5, be associated
HJ cycle data, as in Definition [T.4. Let € > 1 be the smallest totally positive unit greater
than 1 in Q(B) such that e(BZ + Z) = BZ + 7 (that is, € is the fundamental totally positive
unit of the muliplier ring of BZ + 7). Then, the product
/80.../8@71 = £.

Proof. Follows from Lemma and Proposition m (Note that this lemma is also stated
in (34, p. 215].) O
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Proposition 7.7. Let S be a real quadratic number, and write
5: [ao,...,ak,bo,...,bg_l]_. (72)
Then the 2-by-2 matriz
A= (T®S...T*S)(T"S - - T*18)(T®S .. T*S5)*
defines an element of Slo(Z) with attracting fixed point 5. If HJ-expansion (7.2)) for B is
primitive, then stabgy,z)(8) = (=1, A).
Proof. For any o € R, a direct calculation shows that
TS (§)=a(Md-). (7.3)
Set b; := b; (mod ¢) for all 7 € Z, and define the real numbers
ay = [an, ey Qg b(), Ce ,bg_l]_ and
677, - [bnu cee )bn—&-f—l]—-
Applying ([7.3]) repeatedly (using induction),
A7) = (a1 ) (Br - B(agchy o) (F) =< (1),
where € = 01 --- 8y = Bp--- Bi—1 > 1 is a generator of the totally positive unit group of O*
for the real quadratic order O = (5Z + Z : BZ + Z) by Lemma . The group stabg, z)(53)
is a discrete subgroup of
’ v 7\ —1
stabstue () = {£(24) (5 .%) (49) " ive R}

1

The eigenvalues of A are ¢ and ¢ = ¢, corresponding to v = loge. A general element of

the stabilizer looks like
/ ev 7\ —1 :l:l eV —fBle— v — /(¥ —e—?
:|: (fﬁl ) ( 0 €9v) (?ﬁl ) = /B_/B/ (ﬁe’v_ifv _(Bﬁﬂle(v_ﬁe—v;> )

so if it is contained in SLg(Z), then e — e™" = (5 — f')m for some m € Z, which is only
possible if v € (loge)Z. Thus, stabgi,z)(8) = £(A) = (-1, A). O

The following lemma relates the HJ continued fraction expansion of a real quadratic num-
ber 5 with that of its nontrivial Galois conjugate ('

Lemma 7.8. Let 8 be a real quadratic number with purely periodic Hirzebruch—Jung con-
tinued fraction expansion

B =1[{2}m0,mq + 3, {2}, ... my + 3, {2},
for integers mj,n; > 0, where the notation {2}" stands for n consecutive 2s. Then, the
Hirzebruch—Jung continued fraction expansion of 5 is
B =[1,mp + 2, {2} ng_q + 3, {2} -1 ... ng + 3, {2} ng +ny, + 3] .

Proof. By Proposition [7.7], 5 is the attracting fixed point of
k
A= (T*S)m [[ T2 s(128)™.

i=1

The Galois conjugate 3’ is the attracting fixed point of A~1. To prove the lemma, we express
A~!in the form given in the conclusion of Proposition .
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Let B=TST =(19), and rewrite A as

k
A =TB™*! (H(ST)—lei“(ST)Bm“) T

=1

Furthermore, using the relation B = ST~1S~! and setting C' = ST'S, we may write

k
A =T8T "t (H C‘lei“OT‘(”i*l)) TS

=1

We may then use the relations C' = T-1ST~! and O~ = T'S™T to write

k
A=TST "0 (H SlTWHST(m“)) STt

=1

Inverting A will switch the role of 7" and 7!, whereas S~ = —S, and we can now see that
this will essentially switch the role of the m; and the n;. Specifically,

k—1
Al =TS (H T”ki“SlTWw“)S) TS T
=0

= (TSTT™ ST 'S T~ HYD(TSTST ™ T~ *S~'T1),

where

k—1
D =TST ™ (H ST"MHS—lT—(mw“)) STretmttglptgmipt
i=1
k—1
= TST ™ (H SlT”ki“ST(mki“)> VARSI A A A
=1
k—1
= (T%9)™ (H T”k—i+3S(TQS)mk—i) ot

i=1
We also simplify

TSTT™ ST~ = —TST™*25;
TSTST ™ T 'S '~ = —(TST™*29)~ .

Thus, A=t = PDP~! for P = TST™*2S. Using Proposition again, the lemma follows.
]

7.2. Shintani’s limit formula and Stark—Tangedal-Yamamoto class invariants.
Shintani’s formula expresses the derivative of a zeta value at zero as a product of values of
the double sine function. In Shintani’s original formulation [65], the product is not uniquely
determined but depends on certain choices. We present a formulation following Tangedal [74]
that gives a canonical product (in the real quadratic case) whose terms are determined by a
certain Hirzebruch—Jung continued fraction expansion.
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Definition 7.9. Let s € C with Re(s) > 2, x1,22 > 0 and wy,ws > 0. The Shintani zeta
function in dimension 2 is the function

29(8, (1, T2), (W1, ws)) := Z Z ((z1 + mwy + n)(xg + mws +n)) ",

m=0 n=0

More generally, one may allow the parameters xy, x5, w;,wy to take complex values, but
we do not need to do so in this paper. (As a warning, our use of the variables z; deviates
from Shintani’s [65] and Tangedal’s [74], despite the similar notation.)

The following proposition is a special case of Shintani decomposition, generalized slightly
to the case of arbitrary orders in real quadratic fields. See [53, Chap. VII| for an exposition
of Shintani decomposition for the maximal order in a general totally real number fields.

Proposition 7.10. Let O be an order in a real quadratic field F, and let m be an integral
ideal of O and ¥ = {001,002}. Let b be a fractional ideal of O. Write bm = a(SZ + Z) for
some «, B € F satisfying 0 < f/ < 1 < B, and such that sgn(p(a)) = <, for p € {p1, p2}.
Let wy = [rg, B for some vy € Q? \ Z* with {ro} = ro. Associate to 8 and vy the HJ
cycle data k0 € Z, b, € Z, B, € F, Apn € SLa(Z), and w, € F. For each n € Z, let
an=0a(Bps1-Bo) ifn <0 and a, = (B -+ Bn) "t if n > 0. Then,

[Um,2(0> . U(m:m—l—awo(’)),E(O)] ! 5m,2(57 b, awo, g)
ké—1

= Z Nm(an)_SZQ(S, (wn7 wfn)7 (Bna B;L))

Proof. For each n € Z, ay 1Z + a,Z = o, (BuZ + Z). Moreover, 3, = b, — ﬁ;il, SO
n(BuZ +Z) = an ((by — Brl1) Z + 7)
= nt1 ((bnfrr1 — 1) Z + B Z)
= api1(BniZ + 7Z).

By an induction argument, «,,_1Z+«,Z is independent of n, so a,,_1Z+«a,Z = a_1Z~+oyZ =
a(fZ+Z).
We may write the cone Cx(s) as a disjoint union of subcones

o0

Cx(s) = U (a—1Q>0 + 0, Q).

n=—oo

Thus, the cone Cy x(b, awp, §) may be written as

[e.e]

Cm,g(b, awy, g) = |_| (Oéwo +bN m) N (an,1@20 + OénQ>0). (74)

n=—oo

We have
Wo = g, (8) " wn = [[vo, Boll = Jag,. (B) ™ [t Bal
= [{Aonrn}, AonfBull — [[AonTn; Aonfn]]
= [{Aonrn} — Aourn, B € BZ + L.
Since ja,,, (8) = B1 -+ Bn by Lemma , and a(fZ +7Z) = ap1Z + o, Z,
wo € (B1+++Bn) " wy + BZ+Z, s0
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awgy € oWy, + ap_12 + o, 2.

Moreover, a,w, = &, [tn, Bull = @n(Tnefn — Th1) = Tnan—1 + (—7rp1)ay, with 0 < 7 < 1
and 0 < —Tn1 S 1. ThUS, (O[U)Q + b M m) N (an—l@zo + OénQ>0) = Wy + Oén_lzzo —+ anZZO =
(W, + BnZso + Z>o), so we may rewrite the cone decomposition ((7.4]) as

o0

Crns(b, 0w, ) = | | an(wn + BuZzo + Zso)-

n=—oo

Since €* is the smallest totally positive unit in O for which e*awy = awy (mod m), a funda-

mental domain for the action of Umm-tawg)n(O) on Cpx(b, awy, <) is given by |_|ff:_01 an(w, +
6712:20 + ZZO)‘ Thus,

Emx(s, b, awp, <) _ . .
[Um,E(O) : U(m:m+aw00)72(0)} Z Hl(Oz)

aecln,E(b:aw07§)/U(m:m+aw00),2(o)
kli—1 oo [e's)

=Y > > Nm(ap(wy + maf, +mg))”*
n=0 m1=0m2=0

ki—1

= Z Nm(ay,) *29(s, (wn, W), (Bn, B5))- 0

The following result is proven in Shintani’s original work on his Kronecker limit formula for
real quadratic fields. Shintani’s full proof, by manipulation of a contour integral expression
for the Shintani zeta function, is omitted from this paper.

Lemma 7.11. The Shintani zeta function has a meromorphic continuation in s that is

analytic at s = 0. Let xq,x9,wr,ws > 0, and set r1 = % and ry = % (that is,

x1 = rowy — r1 and xo = rows — 11). The evaluation of the Shintani zeta function at s =0
15 given by

2(0, (21, 22), (w1,w2)) = % (wil + i) By(—r1) + Bi(=r1)Bi(rs) + %(aﬁ + wa) By(r2). (7.5)
The evaluation of the first derivative (in s) of the Shintani zeta function at s = 0 is given by
F2($1,UJ1)F2($2,W2)> + Wi — Wy log (02

PQ(wl)PQ(W2) dwiws %1

In both equations, By and By denote the Bernoulli polynomials

Bi(r)=r—1 and

By(r)=1*—r+¢.

25(0, (21, x2), (w1, ws)) = log( ) By(—r1).  (7.6)

Proof. The meromorphic continuation of z; is proven as |64, Prop. 1]. Equation (7.6)) is [65,
Prop. 3|, and ([7.5)) is proven within Shintani’s proof of that proposition, on |65, p. 177]. We
have translated both equations into our preferred notation. [l

The expressions in Lemma become simpler when one takes a certain difference of two
zo-values.
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Lemma 7.12. For 0 < x1 < wy and 0 < z9 < wo,

29(0, (w1 + 1 — 21, wo + 1 — x9), (w1, ws)) — 22(0, (21, 22), (w1, ws2)) =0 (7.7)
and
25(0, (w1 + 1 — z1,wo + 1 — xa), (w1, wa)) — 25(0, (21, 22), (w1, ws))
= log(Siny(x1, wy) Sing (9, ws)) . (7.8)
Proof. As in Lemma , set ry = % and 7y = % We have
T1 = Towy — 71, w+1l—x1=(1-7r9)w; — (=1 —11),
Ty = Towsy — T1, and wa+1—z9=(1—r)wy — (—1—r7).

Using the relations By(1 — r) = —By(—r) and By(1 — r) = Ba(r) together with ([7.5)), we
obtain (7.7)).
Again using the relation By(1 —1r) = By(r) (specifically, Bo(1+1r1) = By(—r3)), we obtain
cancellation of the second summand of ([7.6)) in the expression
Zé(()? (wl + 1 — X1,Ws + ]- - $2)7 (Wh(ﬂg)) - Z£<Oa (:L‘17x2)7 (w17w2))

wo+1—x9,w2) ) - 10g ( I (x1,w1)2(z2,w2) )

L~

—~

w2) p2(w1)p2(w2)

_ Fo(wi+l—z1,w1)ls
N 10g< p2(wi)p2

_ log (Fg(w1+1fx1,w1)1"2

wa+1—x2,w3)
Ia(z1,w1)l2

Z2,w2)

—~|=

= log(Sing(:Bl, wl) Sing(l‘Q, CUQ)) N

proving ([7.8]). O

If 2 is a ray class in Clyso,00, (OF), Tangedal uses the double sine function to define class

invariants U (%) € R for i € {1,2} [74]. He shows that, in the unproven cases of the
real quadratic abelian Stark conjectures, these invariants coincide with positive square roots
of Stark units. Tangedal’s invariants (and similar invariants defined by Yamamoto [78])
generalize in a straightforward manner to both nonmaximal orders and imprimitive classes,
so we describe them in that context.

Definition 7.13. Let O be an order in a real quadratic field F', and let m be an integral ideal
of O. Let 2 € Clm, (O). Let (r,B) be a reduced representative of Y, (2(). Associate

moo1 002

to (r, ) the HJ cycle data k,¢ € Z and 5;,w; € F. Define the Stark-Tangedal-Yamamoto

mvariant

ke—1
UP @) = H Sin (pj(wi), p;(6:)) for j € {1,2}.

The following proposition is a slight generalization of [74, Prop. 1].

Proposition 7.14. Let O be an order in a real quadratic field F, and let m be an integral
ideal of O. If A € Clm, (O), then

Zo100,(0,20) = —1og (UM (M) UD (2A)) .

Proof. Let b, o, 8,1, k, £, 5;, and w; be as in Definition [7.13| By Proposition [6.5

ém,E(S, b, Wy, g)
[Um,2(0> : U(m:m+aw00),2(0)]

Nm(b) *Cuxn(s,A) =
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For each n € Z, let a,, = a(Bug1-+-Po) if n < 0 and a,, = a(By-+-B,)" ' if n > 0. By
Proposition

Nm(b)*€mx(s, b, awp, )
[Um,z(o) . U(m:m—i—awo(’)),E(O)}

ké—1

= Z Nm(anb_l)_SZQ(S, (wm w;z)> (ﬁm 57/1))

Cm,E (57 Ql) =

Similarly, we apply the same results to (n (s, RA). The associated HJ cycle data include
w, =+ 1 —w,, and one obtains
Nm(b)sfm,Z(Sv b? O./ﬂjo, C)

[Um,E(O> : U(m:m—f—awo(’)),E(O)]
ke—1

= Z Nm(&nb_l)_82’2<3, (iﬁna {D;L)a (ﬁnv /Bf:z))

Cmg(s, 9{2() ==

Subtracting, and using the fact that Zyx(s,2) = 0 by (6.6), we have

T
~
—_

Zns(0,2) = > (2500, (wn, wy,), (Bn, B)) = 25(0, (wn, @3,), (Bns 5,)))

n=0
ke—1

= —log(Sing(wy, 3,) Sing(w!,, £,)) by Lemma
n=0

proving the proposition. U
The following theorem may be compared to [74, Thm. 1].

Theorem 7.15. Let O be an order in a real quadratic field F, and let m be an integral
(0) = Clm, (O). If 2 €

moo2

(O) such that ¢(A) = A, then UD () :=

O-tdeal. Consider the surjective monoid map ¢ : Clm]bno01002
Cln,,.,(0) \ ZClm.,,(O), and A € Clm,

moog moo1 002

UD(R) is well-defined. Moreover,
Ztioey (0,21) = —tlog (UM (L))

where t = |p~H(A)| € {1,2}. Additionally, UM () depends only on Ty (2L).
Proof. Define the following classes in Clyoo;00, (O):
Rio ={10:v=1 (mod m), pi(y) >0, p2(7) <0},
Ry ={10:v=1 (mod m), pi(y) <0,p2(7) > 0}, and
R__= {’}/O Y= 1 (mOd m) apl(V) < 07 P2(’Y) < 0} - m+—%_+-

In Clnso, (O), we also have

R={10:v=1 (mod m),py(7) <0} =R,_UR__.
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Choose some A € Clyso,o0,(O) such that ¢(A) = A. It may be shown by the same method
as [3, Prop. 7] and |74} Cor. 1] that

U@ 2) = U0 E) and PR = (TP @) (7.9)

m

we omit the details. We complete the proof by cases.
Case 1: Assume thatt = 1. Then R_ A =Aand R__A =R, _2A. By (7.9), it follows that

~\2
<Ur€12)(i)ﬁi_+22l)> = 1; the properties of the double sine function also imply that U (20) >0

(because all the terms in the product defining it are positive), so Uy (2) = 1. We have
oo (85 20) = Zinooy00, (8, ), s0 by Proposition

Zoey (0.2) = —log (UL @UL @) = ~1og (UL @))

Case 2: Now assume that t = 2. Write A = AU 9‘L+§l, RA = E)‘Lr,évl U 9‘{,,51, and
Zimoos (8, 2A) = Zimoor00, (8, ﬁ) + Znooro0s (S5 %7+§[>-
Thus, by Proposition [7.14

Zioea 0,20) = ~ Tog (UL @)UR (@) ) ~ log (U0 (R, UL (R )
— — log (UM @HUL UL (R AP (R_,2))

Therefore, it follows that Z;  (0,%) = —210g(Ur$11)(§l)>.

We've now shown that Z; . (0,2) = —tlog (Ué})(fil)) in all cases. It follows that Uéll)(gl)
depends only on Tw(2), and in particular, U (2) := UL () is well-defined. O
7.3. Telescoping the product. We need the following identity for the double sine function.
Lemma 7.16. Siny(w; + wy — 2; w1, ws) = Sing(2;wy,ws) L.

Proof. Follows directly from the definition of the double sine function, specifically . 0

We also need the following identities for w,, whose proofs are straightforward.

Lemma 7.17. Let A € SLy(R) andr = (1) € R?. Then,

wian -w (B a0,

Proof. We use the identity [[r, A - 7] = [[Ij{ :T)TH Specifically,

DA ) = w ([, A 7], A7) = <—“;‘(1;“;;”,A . T) |

This completes the proof. 0
Lemma 7.18. Let b€ Z andr = (;}) € R?. If z = [[r, ||, then

wrose(T7S - 7) = e(T —3+77 + (r=2){ - Z)) (1 - e(é)) Siny(z, 7).

@ (T) 24 At
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Proof. We have T°S = (b ). Thus, by Lemma7.17]
T°S)~'T*Sr, 1 1
(TS - 7) =@ (H( ) &l ot =w <f, __) ;

T T

where in the last step, we simplified the elliptic term and used periodicity in the modular
coordinate. We also have @, (7) = @w(z, 7). The claim now follows by Theorem [4.23] O

We actually need to transform the formula in Lemma further. We will want to
translate z to some z in the fundamental domain of the (pseudo)lattice 7Z + Z so that we
may compare the factors in Shintani’s formula. We also replace r by {r}.

Lemma 7.19. Let T € H, b € Z, and r € R?. If Z = [{r}, 7], then

sy (TPS-7) (=3 +7" (-1 -2\ 0 - 1
@} (7) - 24 + i Sing(Z, 7).

Proof. Write r = (7). Note that {T°Sr} = T°ST for some T = r (mod Z?); it thus suffices
without loss of generality to prove the lemma under the assumption that {7°Sr} = T°Sr;
we make that assumption henceforth. Since T°Sr = (b“f” ), it follows that 0 < r; < 1. Let

m = Lra): then, {r} = (212).
As in Lemma let z = [[r, 7]]. Using the 1-quasiperiodicity of the double sine function
(from Proposition 4.25)), we rewrite the formula in Lemma as follows.
WTbsy (TbST)
@ (7)

24 4T

r3r-l <T—z><1—z)> (1—e(2)) Sing(z,7)"

P ) (12 \y Sing(z 4+ 1,7)7t
ST + ! iil )> (1—e(2)) ;sin (=)

Sing(z +1,7)7!

r=gerd | (=90-9) (1 ofz)) “i(e(2) —e(-2))

2T 2T

S el - 1) S+ 1)

_ e<T73+T71 4 (T—(z—&-l)iil—(z—&-l))) Sing(z + 1’ 7-)71.

Assume m > 0. The case m < 0 may be handled similarly and is omitted. Note that
z+1 = Z+ m7. By repeated use of the T-quasiperiodicity property of the double sine
function (from Proposition 4.25]), we have

b m—1
@rose(175T) e<ps+fl i (T—(z+1)>(1—(z+1>)> (H 2 sin (1(Z + kr))) Siny(Z, 7). (7.10)

Oy (7_) 24 4T

We also need to relate w,(7) to wy(7), which we do using the g-product:

T (T) _ g, o5 a ke

e(%(%’—l— k:T)) —.e(—%(z%— kT))

= (—z’e(% (zZ+ kT)))
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m—1
= [ e(Z2 + %) @sin(x(z + k7))
k=0
B m—1
_ e(m@j—” + m<m4‘”T) [ 2sin (r(Z + k7). (7.11)
k=0

Dividing ([7.10) by (7.11]), and using the relation z + 1 = Z 4+ m7, we obtain (after some
algebra)

Wr T°ST - T—(z —(z m(2z— m(m—1)7 P et -
(T°57) :e<7_3227 Ly G0t | mEEn) | mimo) )Sm(z;l,T) 1
@rresy(T)

= e(T_?’;ff1 + (7_2251_27> Sin(z;1,7)"".

We have now proved the lemma. ([l

We are now in a position to relate the Stark—Tangedal-Yamamoto invariant to an RM
value of the Shintani-Faddeev modular cocycle.

Proposition 7.20. Let O be an order in a real quadratic field F', and let m be an integral
ideal of O. Let A € Clm, (O), and let (r,[) be a reduced representative of Yn(2A).

moo1 002

Associate to B and r the HJ cycle data k,0 € 7, A € 'y, and B;,w; € F. Identify 8 with
p1(B). Then,

where
kl—1 -1
YA = (Ba=3+8") =k _ (B—3+5,")
n=0 n=0
and .
— ﬁh — Wy 1 — Wn
- 5 e
n=0 n
Proof. By Definition [7.13]
kt—1 ke
U Ql) = H Sing(wy, Br) = H Sing (wy, By).
n=0 n=1

We have 8, = Apxe- 8, TS - B, = Bn_1, and TS - r,, = r,,_;. Thus, by Lemma
. — n - 3 + ;1 n — Wn 11— W,
Slng(wn,ﬂn) 1 — e(_ﬂ o 6 o (6 4;5 ))

where the limit is taken over 7 € H. Taking the product from n = 1 to n = k¢ and using
the identities Agxr = A and Ay e = I, we have

I; wrnfl(An—l,kZ : 7-)
1m
=3 Wg, (An,k;e - T)
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proving the proposition. [l

To prove Theorem from Proposition [7.20, we need to show that the root of unity
factors in front agree up to a plus or minus sign. This is done in Section for the “global
phase factor” e(y(A)) and in Section [7.5| for the “r-dependent phase factor” e(A.(A)).

We also need to show that the condition that 0 < 8’ < 1 < 8 can be removed. This is
done as part of the final proof of Theorem in Section (8.1}

7.4. The global phase factor. We relate the global phase factor to the eta-multiplier
character 1.

Proposition 7.21. Let § be a real number purely periodic Hirzeburch—Jung continued frac-
tion expansion

B =[bo,b1,-..,bi1],
and treat the indices as elements of Z/lZ, $0 b,y = b,,. Let By, b1, ..., Be_1 be the real num-
bers with Hirzebruch—Jung continued fraction expansions given by the cyclic permutations of
the Hirzebruch—Jung continued fraction expansion of B = Py; that is,

ﬁn - [bnu bn+1 ceey bn+€—1]-

Let U be the length of the periodic part of the HJ continued fraction of the nontrivial Galois
conjugate B' of B, and let P =T ST"S ... T%-1S . We have the following identities:

/—1 /—1
> (Bu—=3+8") =3+ b=l —0=3(P)—3=U(P\/jp).
n=0 n=0

Here ® and VU are the integer-valued functions defined in Section and appearing in the
transformation law of the logarithm of the Dedekind eta function.

Proof. First, note that the 3, satisfy the recurrence 3, = b, — Bn_il, that is, 3, + ﬁ;il = b,.
Thus, we may pair up the appropriate summands as follows.
-1

/-1 -1

" 1
= _3£+Zﬁn + Zﬁ;h

n=0 n=0

{—1
= =30+ by (7.12)
n=0

This proves the first identity. To prove the second, consider the Hirzebruch—Jung continued
fraction expansion of the nontrivial Galois conjugate (5’; let £’ be the length the periodic part
that expansion. By Lemma [7.8], each b,, contributes b, — 2 entries to the periodic part of the
expansion of ', so

/-1 /-1
0= "by—2==20+> b, (7.13)
n=0 n=0

By combining ([7.12)) and ([7.13]), we have

-1

D Bu=348 =30+ (' +20) =01,
n=0
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proving the second relation. For the relation to ® and W, we appeal to results of Meyer and
of Zagier. Writing P = (¢%) and combining formulas on [80, p. 155] and [80, p. 162], we
obtain the formula

a+d—2(d,c)

c

where (d,c) := 6¢s(d, c) and s(d, c¢) denotes the Dedekind sum in our notation from Sec-
tion [2.5] Zagier cites a proof by Meyer [51]. A straightforward induction on ¢ shows that
c¢ > 0. Thus, by and , we obtain the two relations involving W and . 0

0 —0= —3,

7.5. The r-dependent phase factor. We relate the r-dependent phase factor to the theta-
multiplier character y,.

Proposition 7.22. Let r and A be as in Proposition[7.20. Then,
Ae(A) = A (A).

Proof. If r = ('), the claim is trivial, so we assume r # ('). Write

/-1
)\r(A) = Z (7% where Ay, = (ﬁn _ w”)(l _ wn)’
n=0

Bn
and write
-1 ~ _
~ ~ (ﬁn - wn)(l - wn)
A (A) = a, where a, = ,
-3 )
in a similar manner. We have w,, = [[r,, £,]] with r,, = {4, or} and w, = [y, £,] with

T, = {—A,or}. It follows from the assumption that r # (') that r, and T, are also not
equal to ('). We'll now compare the summands a,, and a), in three cases.
Case 1: If r,; # —1 and 1, # 0, then w,, = 8, + 1 — w,, so

a, = (Bn - wn)(l - @n) _ (_1 + wn)(_ﬂn + wn) _ (571 - wn)(l - wn) —a,. (7‘14)

Bn Bn Bn

Case 2: If r,; # —1 and 1,0 = 0, then w,, = 1 — w,, so
= (B = @) (A=) _ (B =1t wa)wn _ wa(By—1+wn)

" Bn B Bn N B

A further algebraic calculation shows that

Gy — ay = ol Z L wn) = (B Z 002 B0) _ 2B

B B
Moreover, since 7,5 = 0, it follows that w,, = 7,26, —Tn1 = —7n1. Thus, @, = a, — (14 2r,1).
Case 3: If r,; = —1 and 1,9 # 0, then w,, = B, + 2 — w,, so

I <5n - an)(l - wn) . (_2 + wn)(_ﬁn -1+ wn) . (2 - wn)(ﬂn +1-— wn)

! Bn Bn Bn

A further algebraic calculation shows that

Moreover, since r,,; = —1, it follows that w, = 7,28, —7m1 = ThaBn+1, 80 (1—w,) 3,1 = —rpa.
Thus, @, = a, + (1 — 2r,2).
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Since r(n41)1 = Tp2 — 1, the instances of Case 2 and Case & occur in pairs: r,; = 0 <=
Tn+1)1 = —1. When this happens, we have

Gy + Gng1 = (An + Ang1) = 2(Tn1 + T(na1)2)-

However, 7,412 = {—=7n1 + bprna} = {—7m1} = =71 (because 1,1 # 1). So, in fact,
an + an+1 = Qg + Apt1- (715)
Using ((7.14) and -, we see that
-1 -1
A (A) = a, = a, = Ae(A),
n=0 n=0
as desired. 0

Proposition 7.23. Letr and A be as in Proposition and suppose v & Z*. Then,
e(30:(4)) = xx(A).
Proof. By Theorem [4.36, we have

v (6) " (6) = ¥ (A)xe(A). (7.16)
By Proposition (and using Proposition and Proposition , we also have
Wi (6)w;"(8) = (e(377(A) + 1A:(4)) URP ()71 (e(557(A) + 1A (A)) UP (R2A) )
- e(24’y(A))2e(i)\r( ) + 1 ,(4) (U<1>(91)U<1>(m))‘1
P (A)e(2A:(A) A)) (UV@)UD(RA)) " by Proposition [7-21
= (A)e(2A(4)) (U<1 (Ql)Uml)(SRQL)) by Proposition [7.22 (7.17)

The left-hand side of ([7.17)) is on the unit circle by (7.16)), and Un(ll)(%) and U (RA) are
positive real numbers, so U,gl)(Ql)Uéll)(iﬁQ() = 1. Equating (7.16)) and (7.17)), we have

VA (A)e(3A:(A)) = ¥*(A)xx(A),
and thus e(3A:(A)) = x:(4). O

8. CULMINATION OF PROOFS OF MAIN THEOREMS AND CONCLUDING REMARKS

We now have everything we need to prove Theorem and Theorem [I.3] We also simplify
the statement of Theorem using the notation established throughout the paper. The
proofs consist mainly of piecing together our various results on modular cocycles and partial
zeta functions.

8.1. Completing the proof of Theorem 1.1} We will now bring together our calculations
on modular cocycles and zeta functions to prove Theorem [I.I] We restate the theorem in
terms of a modified version of (the square of) the shin cocycle that allows us to leave the
characters ¢ and y, out of the statement.

Definition 8.1. Let r € Q and A € I',.. For 7 € ]]5,4, define the samech modular cocycle

o4 (1) = (v (A i(r)”.
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Theorem 8.2 (Restatement of Theorem [1.1). Let O be an order in a real quadratic field
F CR, and let m be a nonzero O-ideal. Let 2l € ClmI:nOOQ(O) \ ZClm. (O), and write

T (A) = GLy(Z) - (x, B)

in the notation of Theorem|3.14. Let n = ¢>—+(§21)7 where ¢ : Clm

b

moo] 002 (

O) - Clm.,__(O) is

mooo

the natural quotient map. Then

exp(nZy.,(0,2A)) = o*[B]. (8.1)

moo2

Proof. Theorem implies the following relation for R € GLy(Z):

o if det(R) =1,
ey {F1) el o)
or[f] if det(R) = —1.
If (8.1) holds for any pair (r, () in a GLy(Z)-orbit, then it follows that both sides of (8.2
must be real, so it will follow that

oo rIFR . 5] = o7 (). (83)

Since 2 ¢ ZClm]b11 «(0), we have r ¢ Z?; thus, ©*[3] only depends on the class of r (mod Z?)

by Proposition . Thus, it suffices to prove for one pair (r, ) € Z X Fyyaa in each

(Z? x GLy(Z))-orbit. Henceforth, we assume (r, 3) is reduced in the sense of Definition [3.16]
By Theorem [7.15] we have

Zrmoos (0,2) = —tlog (U (2A)) = tlog (UL ()7,

where U4 () is the Stark-Tangedal-Yamamoto invariant, ¢ = 1 if O has a unit u =
1 (mod m) with p;(u) > 0 and pa(u) < 0, and t = 2 otherwise. The former condition
(giving t = 1) is equivalent to O having a unit of negative norm (either u or —u) that is
congruent to 1 (mod m). Taking n = 2, we have

1 ooy (0,24) = 210g (U (A) ") = log (U () %) , (8:4)

where n = 2 if O has a unit of negative norm that is congruent to 1 (mod m), and n =
1 otherwise. Let A = A;g € I'. be the canonical generator of the stabilizer of 5. By
Proposition [7.20] we have

U ()71 = e(—gp7(4) — 1Ae(A)) w4 (5) (8.5)

where y(A) and A, (A) are the rational invariants defined in that proposition. Moreover, these
invariants are related to metaplectic characters, as shown in Section [7.4] and Section [7.5]

Specifically, Proposition [7.21| says that v(A) = W(A,+/Ja), and thus e(iv(A)f = Y?(A);
Proposition says that e(3A:(4)) = xr(A). Squaring (3.5),
2 -2 =1 /. -2 - r r
(U @) = e(F7(A) " e(3A(A) T [@5(8)" = (0 x)(A) (@i (8))* = o7 [4].
Finally, exponentiating (8.4, we have
eXp(1 Znoes (0,20)) = (UL () = 0°[3). =

m

We now give a corollary stating the key functional equations and basic properties satisfied
by RM values the samech cocycle.

Corollary 8.3. Suppose that r € Q*\ Z?* and B € Ryyaa. The following hold.



78 GENE 8. KOPP

) o*[Blo[5] = 1.

) (8] = 0" ([8] for any n € 72

) o rBE R . 3] = o¥[B] for any R € GLy(Z).
) ©%[B] is a positive real number.

Proof. Property (1) follows from Theorem Property (2) follows from Proposition |4.35]
Property (3) follows from Theorem via (8.3)). Property (4) follows from Theorem [8.2
because ({8.1) expresses 0[] as the exponential of a real number. O

8.2. Stark units and conditional results. We now discuss the conditional implications of
our results under the assumption of Tate’s refinement of the Stark conjectures. In particular,
we will complete the proof of Theorem

Proof of Theorem[I.3. For r € Z?* (and indeed r € %ZQ), the conclusion follows from Theo-
rem m (even without assuming Conjecture , so we may assume r ¢ Z? henceforth.

Let f be the conductor of 3 (that is, b* — 4ac = f2Aq for a fundamental discriminant A
and a positive integer f). Set A = Azg € I'.. By Lemma there is some B € G and
some « of conductor 1 such that f = B - «a. Choose n € N so that

C:=B"'A"Be () T.
scQ? /72
Bs—reZ?2

Then, by Theorem [£.46] we have

(8" = 0 () = Upep1(B-a) =[] w(e).

s€Q?/72

Bs—rcZ?
The values &2 («) are integral powers of @%[a], and « has conductor 1. Thus, (2) implies (1).
It suffices to prove (2) on the assumption of Conjecture . We henceforth assume f = 1.

Let w = [[r,f]] = rof — r1. We have defined m to be the kernel of the map O —

(wOF + ¢)/c given by 1 — w. In other words, m is the largest Op-ideal with the property
that (r,8) € Mo, m. Choose some 2A € Clyeo, (OF) such that T(A) = GLy(Z) - (r + Z2, ).
By Theorem , for some n € {1,2} and A = A}, we have

eXP (123156, (0,21)) = ©7[B] = (¥7°x; ) (A" [B]*.
Let ey = exp(—Z’ (O,Ql)). By Proposition , it follows from Conjecture that

moog

eq € Oy, where H = Hyoo,, and 5;[/ ? is a unit in an abelian extension of F'. Thus, or[g] =
ey € OF, and W°[5] = £/ (V%xr) (A) Ein/z is a unit in an abelian extension of F. O

In Conjecture , we no longer define m to be the kernel of the map from O — (wOy+-¢)/¢
sending 1 — w (taking here O = ord(c)). We avoid this because that kernel may not be an
O-invertible ideal, so that the associated Mo would not appear in Theorem [3.14] We may
need to consider a noncanonical choice of a smaller O-invertible ideal m, as in Example [3.15]
(This is a conservative choice—we have not disproved the possibly-stronger conjecture that
m can be taken to be the kernel of the map from O — (wOy + ¢)/c¢ sending 1 +— w.)
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8.3. Example. For illustrative purposes, we give an example of a nontrivial RM value of
the Shintani-Faddeev modular cocycle. This example is related by a Galois automorphism
over Q(v/3) to the running example in [40,42] and by Galois automorphisms over Q to the
SIC-POVM in dimension d = 5 [41].

Consider the order O = Z[/3], which is the maximal order of Q(v/3) and has class
number 1. For the modulus 5009, the ray class group Clso, (O) = Z/8Z. Consider the ray
class 2 = [v/30)] € Clsu,(0). Using PARI, we calculate to high precision the exponentiated
derivative partial zeta value

exp(ZL,(0,20)) = exp(2¢,.., (0,2)) & 5.54060902431686855379 . . . (8.6)

5002

by writing (.., (0,2() as a linear combination of L-functions of finite-order Hecke characters.
Specifically, we take F = bnfinit (x~2-3) (a “Buchmann’s number field” object representing
the field F" with certain auxiliary data) and C = bnrinit(F, [5,[1,0]],1) (a “Buchmann’s
number rays” object representing the ray class group Cls..,(O) with certain auxiliary data).
The command Lvals = bnrL1(C,0,6) produces a list containing the values of L'(0, x?) for
an order 8 Hecke character y of modulus 500, satisfying x([v/30]) = e(%). We may recover
Gy (0,20) = LT o(—2) L/(0,19).

In the notation of Theorem we take m = 50, Ay = [0], b = O, bm = a(fZ + Z)
with @ = 5 and 8 = /3, and r = (_?/5) = (495) (mod Z?). By Theorem and a sign

computation, we obtain

w(4/s) [\/g] = w(;‘;ig) (\/§> — ¢~ mi/20 \/exp(ZéOOQ(O, 2A)). (8.7)

(15 26

Conditional on the Stark conjectures,
wlils) [V3] £ ey (8.8)
where v & 5.54060902431686855379 . .. is a root of the polynomial
2® — (84 5v/3)z” + (53 4 30v/3)2® — (156 + 90v/3)
+ (225 + 130v/3)z* — (156 + 90v/3)2® + (53 + 30v/3)2? — (8 + 5v/3)x + 1.

0

We have done additional numerical checks of (8.7) and (8.8) by computing w(fﬁ/ 45) ) (vV3) in

( 15 26
Mathematica, both a limit of g-Pochhammer symbols and in terms of a product of double

sine values, applying numerical integration to Proposition in the latter case.

For computational purposes, it is more efficient to compute RM values of " via a product
of double sine values than as a limit of ¢-Pochhammer symbols; the comparison is comparable
to that described in [42, Sec. 3]. The comparative asymptotic efficiency of using double sine
to using the methods for L-functions (of finite-order Hecke characters) implemented in PARI
requires further investigation. More will be said about computational methods in [2].

8.4. Asymptotics of the ¢g-Pochhammer symbol. We conclude with a few remarks
on the asymptotics of the g-Pochhammer symbol near the real line. Specifically, the ana-
lytic continuation properties of the @-function explain the behavior of the function w,(7) =
(62’”(’”27*”), e as T — B € Ryuaa along modular geodesics.

For g € Q, the behavior of w,(7) as 7 — [ is intimately connected to the dilogarithm
function, as well as to the cyclic quantum dilogarithm, as discussed in Section A much
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more comprehensive study of the behavior of the g-Pochhammer symbol near roots of unity
may be found in the PhD thesis of Campbell Wheeler [76].

For real quadratic irrationals, the behavior of asympotic behavior as 7 — 3 along the
modular geodesic between 3’ and [ is given by the following theorem.

Theorem 8.4. Letr € Q2 and 8 € Ryuaa. Let vp g = W[B], which is related to a Stark class
invariant by Theorem 1.1 Let u be the smallest totally positive unit of the quadratic order
O=(PLZ+Z:PL+Z) such that u>1 and (u — 1)(ro8 —r1) € BZ + Z. Then,

5 + 7:5/67 log(u)t
o (

T s Tost ) =} 5(fe,8(t) + 0(1)) as t — oc. (8.9)

where fy g is a smooth function satisfying fep(t +1) = fr ().
Proof. Let A = A;. Diagonalize A = R (“ 0 )R_1 (where u is the unit specified in the

0wt
statement), and define A' = R (%t DR fwi= Bf—jf/, then for ¢t € R,
ﬂ + iﬂle_QIOg(u)t
At w =

1+i67210g(u)t
Thus, @y (AT - w) = W4(A" - w) @ (A" - w), and limy_ o W5 (A" w) = vpg. Set grp(t) =
v, gwr (A - w). Then,

gept+1)= ;};’12}2 (At . w) wp (Al w) = ;gw;; (At . w) gr.5(t).
Setting fr(t) = lim gr5(t + n), follows. O

neL

In fact, one may replace 5’ by any € R in (shifting fr g by a constant depending on
x). Similarly, along the vertical geodesic between ico and 3, we have the asymptotic formula

@, (8 + ie_log(“)t) = Vﬁ,ﬂ(ﬁ,g(t) +o0(1)) as t — oo, (8.10)

where fr5 = frs(t + ¢) for some ¢ € R. Equation (8.10) is illustrated in Figure [1| for the
example in Section[8.3] We omit a formal proof of these more general asymptotics. They hold
because modular geodesics approach g approximately vertically from above, and differences
between values of @, on nearby points on different geodesics may be bounded appropriately.

Further investigating the behavior of w,(7) near the real line could be interesting in
several ways. Analytically, such investigations might lead to improved asymptotic formulas,
or even exact formulas, for counting integer partitions into parts with congruence restrictions.
Algebraically, they could bring Stark units into the “quantum modular” universe, perhaps
connecting them to the many interesting objects already linked to quantum modular forms,
including as 3-manifolds and conformal field theories.

9. TYPESETTING NOTE

The shin character @ and the samech character © may used as \shin and \samech in
ETEX after adding the following lines to the preamble.

\DeclareFontFamily{U}{rcjhbltx}{}
\DeclareFontShape{U}rcjhbltxHmIH{n}{<->rcjhbltx}{?}
\DeclareSymbolFont{hebrewletters}{U}{rcjhbltx}{m}{n}
\DeclareMathSymbol{\shin}{\mathord}{hebrewletters}{152}
\DeclareMathSymbol{\samech}{\mathord}{hebrewletters}{115}
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FIGURE 1. The top plot compares y = ‘w( 0 )(\/g—l—z'eﬁlog(”‘/g)t)
4/5

and y = p' for p = e % /v and v as in . The middle and bot-

tom plots show graphs of y = ‘,utw( 0 )(\/g—i—ieﬁlog(“‘/g)t) and y =
4/5

arg (u‘t w<495> (\/§ + ie—ﬁlog(2+\/§)t)) , respectively.

10. ACKNOWLEDGMENTS

The author is supported by NSF DMS grant #2302514 and has been supported by the
Heilbronn Institute for Mathematical Research while conducting the research for this paper.

The author thanks Marcus Appleby, Kairi Black, Samit Dasgupta, Steven T. Flammia,
Edna Jones, Jeffrey C. Lagarias, Owen Patashnick, and David Solomon for helpful conversa-
tions. He also thanks Brett Tangedal for help checking the PARI computation in Section [8.3
and Eleanor McSpirit, Brett Tangedal, and Bora Yalkinoglu for pointing out several impor-
tant references.

The author is grateful to the developers of the computer algebra packages Mathematica
and PARI, which he has used to compute the example in Section [8.3



82

[1]

GENE 8. KOPP

REFERENCES

R. L. Adler and L. Flatto. The backward continued fraction map and geodesic flow. Ergodic Theory
Dynam. Systems, 4(4):487-492, 1984.

M. Appleby, S. Flammia, and G. S. Kopp. A constructive approach to Zauner’s conjecture via the Stark
conjectures, 2025. Preprint arXiv:arXiv:2501.03970.

T. Arakawa. Generalized eta-functions and certain ray class invariants of real quadratic fields. Math.
Ann., 260(4):475-494, 1982.

M. Atiyah. The logarithm of the Dedekind n-function. Math. Ann., 278:335-380, 1987.

M. Balézs and R. Bowen. Product blocking measures and a particle system proof of the Jacobi triple
product. Ann. Inst. Henri Poincaré Probab. Stat., 54(1):514-528, 2018.

M. Balazs, D. Fretwell, and J. Jay. Interacting particle systems and Jacobi style identities. Res. Math.
Sei., 9(3):Paper No. 48, 46, 2022.

E. W. Barnes. The theory of the double gamma function. Philos. Trans. Roy. Soc. A, 196:265-387, 1901.
V. V. Bazhanov and N. Y. Reshetikhin. Remarks on the quantum dilogarithm. J. Phys. A, 28(8):2217—
2226, 1995.

O. Beckwith and G. S. Kopp. Gauss composition with level structure, 2025+. In preparation.

H. Bekki. Shintani—-Barnes cocycles and values of the zeta functions of algebraic number fields. Algebra
Number Theory, 17(6):1153-1208, 2023.

N. Bergeron, P. Charollois, and L. E. Garcia. Elliptic units for complex cubic fields, 2023. Preprint
arXiv:2311.04110.

C. Bjorklund and M. Litman. Error approximation for backwards and simple continued fractions. Res.
Number Theory, 10(1):Paper No. 2, 2024.

K. Bringmann and A. Folsom. Quantum Jacobi forms and finite evaluations of unimodal rank generating
functions. Arch. Math. (Basel), 107(4):367-378, 2016.

K. Bringmann, K. Ono, and I. Wagner. Eichler integrals of Eisenstein series as g-brackets of weighted
t-hook functions on partitions. Ramanujan J., 61(1):279-293, 2023.

P. Charollois and S. Dasgupta. Integral Eisenstein cocycles on GL,,, I: Sczech’s cocycle and p-adic
L-functions of totally real fields. Camb. J. Math., 2(1):49-90, 2014.

P. Charollois, S. Dasgupta, and M. Greenberg. Integral Eisenstein cocycles on GLy, II: Shintani’s
method. Comment. Math. Helv., 90(2):435-477, 2015.

Y. Choie and R. Kumar. Arithmetic properties of the Herglotz-Zagier-Novikov function. Adv. Math.,
433:Paper No. 109315, 36, 2023.

E. C. Dade, O. Taussky, and H. Zassenhaus. On the theory of orders, in paricular on the semigroup of
ideal classes and genera of an order in an algebraic number field. Math. Ann., 148:31-64, 1962.

H. Darmon, A. Pozzi, and J. Vonk. The values of the Dedekind—Rademacher cocycle at real multiplica-
tion points. J. Eur. Math. Soc. (JEMS), 26(10):3987-4032, 2024.

H. Darmon and J. Vonk. Singular moduli for real quadratic fields: a rigid analytic approach. Duke
Math. J., 170(1):23-93, 2021.

S. Dasgupta and M. Kakde. On the Brumer—Stark conjecture. Ann. of Math. (2), 197(1):289-388, 2023.
S. Dasgupta and M. Kakde. Brumer—Stark units and explicit class field theory. Duke Math. J.,
173(8):1477-1555, 2024.

S. Dasgupta, M. Kakde, and K. Ventullo. On the Gross—Stark conjecture. Ann. of Math. (2), 188(3):833—
870, 2018.

T. Dimofte. Complex Chern—Simons theory at level k via the 3d-3d correspondence. Comm. Math.
Phys., 339(2):619-662, 2015.

L. D. Faddeev. Discrete Heisenberg—Weyl group and modular group. Lett. Math. Phys., 34(3):249-254,
1995.

G. Felder, A. Henriques, C. A. Rossi, and C. Zhu. A gerbe for the elliptic gamma function. Duke Math.
J., 141(1):1-74, 2008.

G. Felder and A. Varchenko. The elliptic gamma function and SL(3,Z) x Z3. Adv. Math., 156(1):44-76,
2000.

Y. Y. Finkel’shtein. Klein polygons and reduced regular continued fractions. Russian Math. Surveys,
48(3):198, 1993.



[29]

THE SHINTANI-FADDEEV MODULAR COCYCLE 83

S. Garoufalidis and R. Kashaev. Resurgence of Faddeev’s quantum dilogarithm. In Topology and
Geometry—a Collection of Fssays Dedicated to Viadimir G. Turaev, volume 33 of IRMA Lect. Math.
Theor. Phys., pages 257-271. Eur. Math. Soc., Ziirich, 2021.

S. Garoufalidis and C. Wheeler. Modular g-holonomic modules, 2022. Preprint arXiv:2203.17029.

S. Garoufalidis and D. Zagier. Asymptotics of Nahm sums at roots of unity. Ramanujan J., 55(1):219—
238, 2021.

D. R. Hayes. Brumer elements over a real quadratic base field. Exposition. Math., 8(2):137-184, 1990.
R. Hill. Shintani cocycles on GL,,. Bull. Lond. Math. Soc., 39(6):993-1004, 2007.

F. E. P. Hirzebruch. Hilbert modular surfaces. Enseign. Math. (2), 19:183-281, 1973.

H. Iwaniec. Topics in Classical Automorphic Forms, volume 17 of Graduate Studies in Mathematics.
American Mathematical Society, Providence, RI, 1997.

C. U. Jensen and A. Thorup. Gorenstein orders. J. Pure Appl. Algebra, 219(3):551-562, 2015.

H. W. E. Jung. Darstellung der Funktionen eines algebraischen Korpers zweier unabhéngigen
Verénderlichen z,y in der Umgebung einer Stelle x = a, y = b. J. Reine Angew. Math., 133:289-314,
1908.

S. Katok. Coding of closed geodesics after Gauss and Morse. Geom. Dedicata, 63(2):123-145, 1996.

S. Katok. Continued fractions, hyperbolic geometry and quadratic forms. In MASS Selecta: Teaching
and Learning Advanced Undergraduate Mathematics, pages 121-160. Amer. Math. Soc., Providence, RI,
2003.

G. S. Kopp. Indefinite zeta functions. Res. Math. Sci., 8(1):Paper No. 17, 34, 2021.

G. S. Kopp. SIC-POVMs and the Stark conjectures. Int. Math. Res. Not. IMRN, 2021(18):13812-13838,
2021.

G. S. Kopp. A Kronecker limit formula for indefinite zeta functions. Res. Math. Sci., 10(2):Paper No.
24, 21, 2023.

G. S. Kopp and J. C. Lagarias. Ray class monoids for orders of number fields, 2024. To replace Appendix
A of preprint arXiv:2212.09177v1.

G. S. Kopp and J. C. Lagarias. Ray class groups and ray class fields for orders of number fields. Fssent.
Number Theory, 4(1):1-65, 2025.

S. Koyama and N. Kurokawa. Values of the double sine function. J. Number Theory, 123(1):204-223,
2007.

N. Kurokawa. Multiple sine functions and Selberg zeta functions. Proc. Japan Acad. Ser. A Math. Sci.,
67(3):61-64, 1991.

N. Kurokawa and S. Koyama. Multiple sine functions. Forum Math., 15(6):839-876, 2003.

L. Luzzi and S. Marmi. On the entropy of Japanese continued fractions. Discrete Contin. Dyn. Syst.,
20(3):673-711, 2008.

I. G. Macdonald. Affine root systems and Dedekind’s n-function. Invent. Math., 15:91-143, 1972.

Y. I. Manin. Real multiplication and noncommutative geometry (ein Alterstraum). In The Legacy of
Niels Henrik Abel, pages 685—727. Springer, Berlin, 2004.

C. Meyer. Die Berechnung der Klassenzahl Abelscher Kérper iber quadratischen Zahlkérpern. Akademie-
Verlag, Berlin, 1957.

G. Myerson. On semi-regular finite continued fractions. Arch. Math. (Basel), 48(5):420-425, 1987.

J. Neukirch. Algebraic Number Theory, volume 322 of Grundlehren der mathematischen Wissenschaften.
Springer-Verlag, Berlin, 1999. Translated from the German by N. Schappacher.

K. Onodera. An analogue of the Dedekind—Rademacher sum and certain ray class invariants of real
quadratic fields. J. Number Theory, 133(6):1907-1931, 2013.

A. V. Osipov and A. N. Norris. The Malyuzhinets theory for scattering from wedge boundaries: a
review. Wave Motion, 29(4):313-340, 1999.

B. Ponsot. Recent progress in Liouville field theory. In Proceedings of 6th International Workshop on
Conformal Field Theory and Integrable Models, volume 19, pages 311-335, 2004.

P. Popescu-Pampu. The geometry of continued fractions and the topology of surface singularities. In
Singularities in Geometry and Topology 2004, volume 46 of Adv. Stud. Pure Math., pages 119-195.
Math. Soc. Japan, Tokyo, 2007.

D. Radchenko and D. Zagier. Arithmetic properties of the Herglotz function. J. Reine Angew. Math.,
797:229-253, 2023.



84

50]
60]
61]
62]
63]
64]
65]
66]
67]
68]
60]
[70]
71]

[72]

[82]

GENE 8. KOPP

H. Rademacher. Topics in Analytic Number Theory, volume 169 of Die Grundlehren der mathematischen
Wissenschaften. Springer-Verlag, New York—Heidelberg, 1973.

G. A. Sarkissian and V. P. Spiridonov. General modular quantum dilogarithm and beta integrals. Proc.
Steklov Inst. Math., 309:251-270, 2020.

R. Sczech. Eisenstein group cocycles for GL,, and values of L-functions. Invent. Math., 113(3):581-616,
1993.

R. Sczech. A new formula for calculating Stark units over real quadratic number fields.
Surikaisekikenkyusho Kokyuroku, 925:134-142, 1995.

J.-P. Serre. Local Fields, volume 67 of Graduate Texts in Mathematics. Springer-Verlag, New York-
Berlin, 1979. Translated from the French by M. J. Greenberg.

T. Shintani. On evaluation of zeta functions of totally real algebraic number fields at non-positive
integers. J. Fac. Sci. Univ. Tokyo Sect. IA Math., 23(2):393-417, 1976.

T. Shintani. On a Kronecker limit formula for real quadratic fields. J. Fac. Sci. Univ. Tokyo Sect. IA
Math., 24(1):167-199, 1977.

T. Shintani. On certain ray class invariants of real quadratic fields. J. Math. Soc. Japan, 30(1):139-167,
1978.

D. Solomon. Algebraic properties of Shintani’s generating functions: Dedekind sums and cocycles on
PGL2(Q). Compositio Math., 112(3):333-362, 1998.

D. Solomon. The Shintani cocycle. II. Partial {-functions, cohomologous cocycles and p-adic interpola-
tion. J. Number Theory, 75(1):53-108, 1999.

H. M. Stark. Values of L-functions at s = 1. I. L-functions for quadratic forms. Adv. Math., 7:301-343,
1971.

H. M. Stark. L-functions at s = 1. I. Artin L-functions with rational characters. Adv. Math., 17(1):60—
92, 1975.

H. M. Stark. L-functions at s = 1. III. Totally real fields and Hilbert’s twelfth problem. Adv. Math.,
22(1):64-84, 1976.

H. M. Stark. Class fields for real quadratic fields and L-series at 1. In Algebraic Number Fields: L-
functions and Galois properties (Proc. Sympos., Univ. Durham, Durham, 1975), pages 355-375. Aca-
demic Press, London—New York, 1977.

H. M. Stark. L-functions at s = 1. IV. First derivatives at s = 0. Adv. Math., 35(3):197-235, 1980.

B. A. Tangedal. Continued fractions, special values of the double sine function, and Stark units over
real quadratic fields. J. Number Theory, 124(2):291-313, 2007.

J. Tate. On Stark’s conjectures on the behavior of L(s,x) at s = 0. J. Fac. Sci. Univ. Tokyo Sect. IA
Math., 28(3):963-978, 1981.

C. Wheeler. Modular q-difference equations and quantum invariants of hyperbolic three-manifolds. PhD
thesis, Rheinischen Friedrich-Wilhelms-Universitdt Bonn, Bonn, Germany, 2023.

S. L. Woronowicz. Quantum exponential function. Rev. Math. Phys., 12(6):873-920, 2000.

S. Yamamoto. On Kronecker limit formulas for real quadratic fields. J. Number Theory, 128(2):426-450,
2008.

S. Yamamoto. Factorization of Shintani’s ray class invariant for totally real fields. In Algebraic Number
Theory and Related Topics 2008, volume B19 of RIMS Kokyuroku Bessatsu, pages 249-254. Res. Inst.
Math. Sci. (RIMS), Kyoto, 2010.

D. Zagier. A Kronecker limit formula for real quadratic fields. Math. Ann., 213:153-184, 1975.

D. Zagier. Valeurs des fonctions zéta des corps quadratiques réels aux entiers négatifs. In Journées
Arithmétiques de Caen (Univ. Caen, Caen, 1976), volume 41-42 of Astérisque, pages 135-151. Soc.
Math. France, Paris, 1977.

D. Zagier. Quantum modular forms. In Quanta of Maths, volume 11 of Clay Math. Proc., pages 659-675.
Amer. Math. Soc., Providence, RI, 2010.

DEPARTMENT OF MATHEMATICS, LOUISIANA STATE UNIVERSITY, BATON ROUGE, LA, USA
Email address: kopp@math.lsu.edu



	1. Introduction
	1.1. The Shintani–Faddeev Jacobi and modular cocycles
	1.2. Partial zeta functions and the Stark conjectures
	1.3. Eta-multiplier and theta-multiplier characters
	1.4. Main result: a limit formula
	1.5. Conditional results and conjectures: algebraicity
	1.6. Prior work
	1.7. Applications and future work
	1.8. Structure of this paper
	1.9. List of notation

	2. Preliminaries on q-Pochhammer symbols and half-integral weight modular forms
	2.1. SL2 and the standard symplectic form
	2.2. Fractional linear transformations
	2.3. The covering groups SL2(R)"0365SL2(R) and Mp2(R)
	2.4. The q-Pochhammer symbol and variants
	2.5. The Dedekind eta function and its logarithm
	2.6. Jacobi theta functions with characteristics
	2.7. Characters of modular theta functions
	2.8. The Jacobi triple product formula
	2.9. Modular specializations of the q-Pochhamer symbol

	3. On moduli spaces of ray class data
	3.1. Ray class groups and ray class fields of orders
	3.2. The flat imprimitive ray class monoid
	3.3. Key properties of orders
	3.4. The main correspondence

	4. Modular properties of the q-Pochhammer symbol
	4.1. A working definition for first cohomology
	4.2. Modular and Jacobi cocycles
	4.3. Cocycles as generalized modular weights
	4.4. Stable values and real multiplication values of modular cocycles
	4.5. Stable values and real multiplication values of Jacobi cocycles
	4.6. The Shintani–Faddeev cocycles
	4.7. The Shintani–Faddeev modular cocycle with half-integral characteristics
	4.8. The double sine function
	4.9. Multiplicative quantum modularity of the q-Pochhammer symbol
	4.10. Functional equations of the Shintani–Faddeev cocycles
	4.11. Values at rational  and quantum modularity
	4.12. Special properties of the Shintani–Faddeev cocycle at real multiplication points
	4.13. Conductor-lowering/level-raising relations

	5. Cohomological interpretations of the Shintani–Faddeev cocycles
	5.1. Generalized first group cohomology
	5.2. Equivariant (Q,V)-cohomology of -sheaves
	5.3. From the working definition to equivariant (Q,V)-cohomology

	6. Partial zeta functions
	6.1. Ray class partial zeta functions
	6.2. Ideal coset partial zeta functions
	6.3. Equivalence of partial zeta functions
	6.4. Galois-theoretic partial zeta functions
	6.5. The rank 1 abelian Stark–Tate conjecture

	7. Partial zeta functions at s=0 and continued fractions
	7.1. Hirzebruch–Jung continued fractions
	7.2. Shintani's limit formula and Stark–Tangedal–Yamamoto class invariants
	7.3. Telescoping the product
	7.4. The global phase factor
	7.5. The r-dependent phase factor

	8. Culmination of proofs of main theorems and concluding remarks
	8.1. Completing the proof of thm:main
	8.2. Stark units and conditional results
	8.3. Example
	8.4. Asymptotics of the q-Pochhammer symbol

	9. Typesetting note
	10. Acknowledgments
	References

