UNIT-GENERATED ORDERS OF REAL QUADRATIC FIELDS
I. CLASS NUMBER BOUNDS
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ABSTRACT. Unit-generated orders of a quadratic field are orders of the form O = Z[¢],
where ¢ is a unit in the quadratic field. If the order O is a maximal order of a real quadratic
field, then the quadratic number field is necessarily of a restricted form, being of narrow
Richaud—Degert type. However, every real quadratic field contains infinitely many distinct
unit-generated orders. They are parametrized as O = O having quadratic discriminants
A(O) = Af =n? —4 (for n > 3) and A(O) = A,, = n?+4 (for n > 1). We show the

(wide or narrow) class numbers of unit-generated orders satisfy log |C1(O)| ~ log % |A(O)|

as |A(O)] — oo, using a result of L.-K. Hua. We deduce that there are finitely many unit-
generated quadratic orders of class number one and finitely many unit-generated quadratic
orders whose class group is 2-torsion. We classify all unit-generated real quadratic orders
having class number one. We provide numerical lists of quadratic unit-generated orders
whose class groups are 2-torsion for A < 10'°, for both wide and narrow class groups.
These lists are conjecturally complete for all A.

1. INTRODUCTION

An order O of a number field K is a subring of its algebraic integers Ok that is a Z-
module of rank n = [K : Q]. Orders O of quadratic fields are uniquely determined by
their discriminant A, which can be any nonsquare integer congruent to 0 or 1 modulo 4;
see [25, Theorem 5.1.7]. We write Op = Z [%] for the order of discriminant A.

This paper focuses on a special subclass of orders of quadratic fields.

Definition 1.1. An order O of a quadratic number field Q(v/D) is a unit-generated order
if it is additively generated as a Z-module by its set of units O*.

We show that unit-generated orders are precisely those with discriminants falling in two
parametric families.
(1) Oa with A = A} =n? — 4 has the generating unit &} = 3(n + v/n? — 4), which has
norm Nm(e}) = +1.
(2) Oa with A = A =n? + 4 has the generating unit ¢, =
norm Nm(e; ) = —1.

(n 4+ v/n? +4), which has

N

In the notation AE, the sign + indicates the norm of the associated generating unit.

Every real quadratic field contains infinitely many orders that are unit-generated orders,
as (taking A = disc(K)) it contains infinitely many units & > 1, with ¢ = L(a + bV/A) =
t(a++Va>F4) and a® — B*A = +4.
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The main object of this paper is to prove results on class numbers in the two parametric
families of unit-generated quadratic orders. These include:

(1) An asymptotic estimate for the size of class numbers of O,244 as n — oo. The
estimate is ineffective in general, but includes an effective computability result for
subclasses of unit-generated orders in which the associated fundamental discriminants
are bounded.

(2) A complete classification of unit-generated quadratic orders having class number one.

(3) An (ineffective) proof of finiteness of the number of unit-generated orders whose wide
class group is 2-torsion. This set includes all unit-generated orders having one class
per genus. We tabulate a list of unit-generated quadratic orders whose wide class
group is 2-torsion, complete for A < 10'°, and identify all such orders having one
class per genus for A < 10'°. The list is conjecturally complete for both problems.

The family A*(n) is of special interest because its members appear phenomenologically
in the structure of SIC-POVMs in quantum information theory; see Section Numerical
evidence for the connection between SIC-POVMs and the orders of discriminant A™(n) is
detailed in [34].

1.1. Results. Section [2|deals with taxonomy. We show that every unit-generated quadratic
order is one of:

(1) The real quadratic order O+ for A =n? — 4 with n > 3,

e real quadratic order - for A =n*+4 withn > 1,

2) Th | drati dOAnf A 2 + 4 with 1
)

(3) The imaginary quadratic order OAT — 0 43=7 [1+\2/53}’ or

(4) The imaginary quadratic order Oyt = Oy = Z[v/—-1].

The two imaginary quadratic orders are special, as they are the only two imaginary quadratic
orders having extra units beyond {£1}. In general we restrict attention to real quadratic
orders.

All of the orders in these parameter ranges are distinct, with one exception: The orders
Op+ = O,- are both the maximal order of Q(v/5). For the remaining parameter values in

the range n > 0, Ay = 0 and A, = 4 are not discriminants of quadratic orders.

1.1.1. Class number bounds. Let CI(A) = Cl(Oa) denote the (wide) class group of the
quadratic order of discriminant A, and let ha = |Cl(Oa)| denote the class number of the
order. We write A = n?F4 = f2 A, where A is a fundamental discriminant, the discriminant
of the associated maximal order Ok, and f = fa is the conductor of the order.

It is known that there exist infinitely many (non-maximal) real quadratic orders of class
number one. The first examples were given by Dirichlet [18] in 1855 in the context of binary

quadratic forms. For example, A = 5%**! for k > 0 are discriminants of orders in Q(+v/5),
which all have ha = 1. (See [25, Theorem 5.9.12] and [49, Section 9, Aufgabe 5]).

Theorem 1.2. For unit-generated orders having AT = n? F 4,
log |CL(A))| =logn + o(logn) as n — oo,

and

log |CL(A,)| =logn + o(logn) as n — oo.
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This result is proved as Theorem [3.3(1). It is an immediate consequence of a theorem of
Hua [27, Theorem 12.15.4], which gives an extension to quadratic orders of Siegel’s original
version of the Brauer—Siegel theorem. The error term in this result is ineffective.

Theorem [3.3(2) shows that if one restricts to families of unit-generated orders having
bounded associated fundamental discriminants (AX), < N, then there is an effective remain-
der term Oy(loglogn). Bounded families arise in the context of SIC-POVMs (discussed in
Section , for example, in the Fibonacci-Lucas family of SIC-POVMs studied in [23].

1.1.2. Class number one. We give a complete classification of all unit-generated quadratic
orders having class number one.

Classifying the set of discriminants of unit-generated real quadratic orders having class
number one is analogous to the famous Gauss problem of classifying all discriminants A < 0
having class number one. The imaginary quadratic discriminant problem for maximal orders
was solved by the Heegner—Stark-Baker Theorem. Stark [47] notes that the non-maximal
order case for imaginary quadratic fields is solved as a consequence of the maximal order
case, giving the four discriminants {—12, —16, —27, —28}, using the fact that non-maximal
orders can have class number one only if the maximal order also has class number one.

Our first result gives a complete classification for unit-generated quadratic orders that are
maximal orders.

Theorem 1.3. The mazimal quadratic orders of discriminant A = n? — 4 having class
number one are those for n € {0,1,3,4,5,9,21}, having A € {—4,-3,5,12,21,77,437}.
The mazimal quadratic orders of discriminant A, = n? + 4 having class number one are
those for n € {1,2,3,5,7,13,17}, having A € {5,8,13,29,53,173,293}.

Theorem is proved in Section by combining four results. The first is a major result
of Biré [9] handling the case n? + 4 with n odd. The second is a a result of Byeon, Kim,
and Lee [10] handling the case n* — 4 with n odd, using a modification of Biré’s method.
This paper completes the classification in the remaining two cases, n? + 4 with n even
(Theorem and n? — 4 with n even (Theorem , using genus theory.

The next result gives a complete classification for unit-generated orders that are non-
maximal orders.

Theorem 1.4. The non-mazimal quadratic orders of discriminant A} = n? — 4 having
class number one are those for n € {6,7,11}, having A € {32,45,117}. The non-mazximal
quadratic orders of discriminant A, = n* + 4 having class number one are those for n €
{4,8,11}, having A € {20,68,125}.

The proof of Theorem builds on Theorem [I.3] The idea of the proof is similar to the
imaginary quadratic order case, in which all the over-orders of a non-maximal imaginary
quadratic order having class number one must also be unit-generated orders. In the real
quadratic unit-generated case, however, there is an additional exceptional case; see Section
M. The exceptional case is covered by a major result of Biré [8] solving Chowla’s conjecture
for maximal orders with A = 4n? 4 1.

1.1.3. One class per genus and 2-torsion class group. The genus theory of Gauss extends
to all (real and imaginary) quadratic orders. The principal genus theorem of Gauss asserts
that the (narrow) ideal classes in the principal genus are the squares of all ideal classes.

Two ideal classes [a] and [b] in the narrow ideal class group C17(O) (defined in Section
correspond under Gauss composition to binary quadratic form classes of the same genus if
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and only if [ab~!] € C1"(0)2. The genus group is CI*(0)/ C1* (0)?, which is isomorphic to
the 2-torsion subgroup C17(0)[2]. (See [25, Sections 5.6 and 6.5].)

In Section [5.2] we establish the following result regarding the wide class group and its
2-torsion subgroup.

Theorem 1.5. There are finitely many unit-generated real quadratic orders O for which

Cl(Os) = CL(OA)[2].

This result is ineffective; it depends on the ineffective result of Hua [27, Theorem 12.15.4].
It has the following corollary for the one class per genus problem.

Corollary 1.6. There are finitely many unit-generated quadratic orders O = Oa for which
CIT(0O) = CIT(0)[2]. Equivalently, there are finitely many A = n*>£4 such that the primitive
integer binary quadratic forms of discriminant A have one class per genus.

Proof. There is a surjective map C1"(O) — CI(O). Thus, if C1T(0O) is 2-torsion, then C1(O)
is 2-torsion. So the finiteness of unit-generated O for which Cl(O) is 2-torsion implies the
finiteness of such O satisfied the stronger condition that C1*(Q) is 2-torsion. O

Theorem [1.5] leads to the following problem.

Problem 1.7. Determine all unit-generated real quadratic orders Oa having one class per
genus, that is, having CI*(Oa) = CI7(Oa)[2]. More generally, determine all such orders
having C1(Oa) = Cl(Oa)[2].

Classifying the set of discriminants of unit-generated real quadratic orders having one class
per genus is analogous to the Gauss problem of classifying all discriminants A < 0 having
one class per genus, raised in Article 304 of Disquisitiones Arithmeticae; see Section |5 for
details. We present in Section [5| tables of discriminants of all such quadratic orders having
Cl(Oa) = Cl(OA)[2] for A < 10, which conjecturally give the complete list of all such
quadratic orders.

1.2. Applications. SICs or SIC-POVMs (symmetric, informationally complete, positive
operator-valued measures) are generalized quantum measurements corresponding to arrange-
ments of d?> equiangular complex lines in C?. There is an empirically observed surprising
connection between SICs in dimension d and the quadratic field Q(1/(d + 1)(d — 3)).

The connection was observed in work of Appleby, Yadsen-Appleby, and Zauner [1] in 2013;
see also [3,4]. In particular, SICs were connected directly with the unit-generated quadratic
order Ox with discriminant A} | = (d — 1)2 =4 = (d + 1)(d — 3) in [34], where it was
noted that the number of known SICs in dimension d, for d < 90, equals the sum of the
class numbers of the overorders of O AT Moreover, the fields in which the (appropriately

scaled) vectors defining a SIC live appear to be certain ray class fields of those orders (as
defined in [35]). The conjectural connection to class field theory can be made very precise
and explicit and is related to the Stark conjectures 2,5, 7,132].

The bounds on class numbers in this paper, combined with conjectures on SICs formulated
in [34], imply bounds on the number of equivalence classes of Weyl-Heisenberg covariant SICs
in dimension d.

1.3. Prior work. For background on the theory of real quadratic orders, see the books of
Halter-Koch [25, Chapter 5] and Mollin [39, Chapters 3 and 5.



UNIT-GENERATED ORDERS 1 5

Class number problems for maximal orders of real quadratic fields have been extensively
studied. The terminology that (the maximal order of) a field Q(v/D) is of Richaud-Degert
type was coined by Hasse |26, p. 52] in 1965 and states

D=m*+r, —m<r<m, rl|dm,

restricting to the cases that D is squarefree. (Note that D need not be a discriminant here;
the associated discriminant will be either A = D or A = 4D.) The Richaud-Degert condition
can also be phrased as a condition stating that the continued fraction expansion of v/D has
one of several short parametric forms. (The continued fractions for n? & 4 are particularly
simple; see Remark 2.4]) The fields are named after the 1866 work of Richaud [44] and 1958
work of Degert [17] on fundamental units.

In 1996, Mollin [39, pp. 77-78] introduced the terminology narrow Richaud—Degert type
for the special case of D = m? +r with r € {+1, 44}, where D is required to be squarefree.
In 1998 Mollin [40] considered A* as parametric families of quadratic orders, allowing the
non-maximal order case. He gave a sufficient condition for class number one.

Mollin [39, pp. 77-78] also introduced the terminology eztended Richaud—Degert type,
abbreviated ERD-type, for

D=m*+r, rl|dm, rcZ,

removing Hasse’s restriction —m < r < m; see also [41]. All fields of ERD-type contain
unit-generated orders of small conductor (that is, small index in the maximal order). This
fact can be deduced from [39, Theorem 3.2.1], which presents the continued fractions of some
w with Ok = Z[w] in all possible cases in which K is of ERD-type. In this paper, we give
the largest unit-generated order in fields of narrow Richaud-Degert type in Proposition
and Table [T} In these fields, the largest unit-generated order has conductor either 1 or 2.

General criteria for real quadratic orders to have class number one were given recently by
Kawamoto and Kishi |29, Theorem 2.6], [30, Theorem 3.5]. Caeiro and Darmon [11, Main
Theorem, Theorem 25, and Theorem 28] present conditional results classifying all unit-
generated orders of class number one modulo their Conjecture 7. Their Conjecture 7 asserts
that the image of a real multiplication (RM) point under a certain rigid analytic cocycle
may be used to define a global point on an elliptic curve defined over a ring class field, and
it also asserts the truth of a Gross—Zagier formula in this context.

1.4. Contents of paper. Section |2 discusses parametrizations of unit-generated orders and
definitions the of class groups and class numbers.

Section |3| proves asymptotic results on class numbers ha = |Cl(Oa)| for A = n + 4 as
n — oo. It proves effective bounds for class numbers restricted to families of such orders
that have bounded associated fundamental discriminants.

Section [4] classifies all discriminants A = n? + 4 of orders having ha = 1.

Section [5| proves (ineffectively) the finiteness of the set of A = n? 44 such that C1(O,) is
2-torsion. It thus proves finiteness of the set of such A with one class per genus. It gives lists
of known unit-generated order discriminants for which the (wide) class group is 2-torsion;
these lists are conjecturally complete and are known to be complete for discriminants below
101°. It also determines the sublist of those discriminants below 10! having one class per
genus (those whose narrow class group is 2-torsion).

Section [6] makes concluding remarks.
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2. BASIC PROPERTIES OF UNIT-GENERATED ORDERS

The discriminant of a quadratic order O = O, is written (following Halter-Koch [25]) as
A= 20,

where A is the unique fundamental discriminant of the same sign dividing A, and f > 1.

For real quadratic fields, Ag > 0 (and for imaginary quadratic fields, Ay < 0). The number

f is called the conductor and is equal to the index of O in the maximal order: [Oa, : O] = f.
If Dy # 1 is any squarefree integer, we associate to it the fundamental discriminant

A — Dy if Dy=1 (mod 4),
714D, if Dy =2,3 (mod 4).

Following Mollin 39, p. 4], we term Dq the fundamental radicand of Ay (or of Q(v/Ap)).

2.1. Parameterizations of unit-generated orders. We first deal with imaginary qua-
dratic unit-generated orders and then with real quadratic unit-generated orders.

Proposition 2.1. There are exactly two imaginary quadratic unit-generated orders, which

are the mazimal orders Ok of K = Q(v/—1), given by Z[v/—1], and that of K = Q(v/—3),
given by Z[*Y=3).

Proof. The unit-generated orders are O = Z[O*]. If O contains only the units 41, then
Z|O*] = Z is not a quadratic order. The only quadratic orders having more than the
units £1 must be orders containing extra roots of unity, which are therefore orders in either
K =Q(v/—-1) or K = Q(y/-3). Adjoining an extra root of unity in these cases always gives
the maximal order. 0

There are two natural ways to list all the unit-generated real quadratic orders. The first
way uses (Ag,j) with Ay being the fundamental discriminant of the associated quadratic
field together with a power 7 > 1 of the fundamental unit 5, of O, which is the smallest
unit ¢ > 1 in Ok. It parameterizes all the unit generated orders in a fixed quadratic fields
K, one at a time.

Proposition 2.2. Let K be a real quadratic field of fundamental discriminant Ag.

(1) All unit-generated orders O of K are generated as O = Ze| = Z + €Z, where € is the
smallest unit € > 1 contained in O.
(2) If en, > 1 is the fundamental unit of Ok, then for j > 1, the orders

O(No,j) i=Z[A,| = Z + €A, Z
comprise the full set of unit-generated orders in K. The orders O(Ay,j) are all
distinct, with the single exception that O(5,1) = O(5,2), where O(5,1) = Z[%g]
and O(5,2) = Z[2£Y5).
(3) If j |k, then O(Ag, k) € O(Ao,j). Conversely, if O(Ag, k) C O(Ay,j), then j|k,
with the single exception that O(5,1) C O(5,2).

Proof. (1) Suppose O = Z[O*]. Let ea, be the fundamental unit of the maximal order O
of the field K generated by O. Let ¢ := 6&0 > 1 be the smallest positive unit belonging
to O@. Then we claim O = Z + ¢Z. We certainly have Z + ¢Z C . The unit satisfies the
minimal polynomial e? —te £1 =0 for t = Trg,g(e) € Z, so ¢! = £t F e € Z + eZ. Also,
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ehtl = teb 7 51 50 a straightforward induction argument shows that e¥ € Z + ¢Z. But

O* = {£e* . k € Z}, for any additional unit 1 in O* would by multiplication by a suitable
unit 4-e® yield a unit n’ = e > 1 having 1 < i < j, contradicting the minimality of . We
conclude O C Z + €Z, so O = Zle].

(2) All units € > 1 of K are given as 5&0 for some j > 1; see |25, Theorem 5.2.1]. It follows
that O(Ay, j) is an exhaustive list, which might however contain duplicate orders.

To determine the duplicates, we use the fact that for Ay > 5, the powers of the funda-
mental unit 6&0 = M with t; = f; (mod 2) have sequences (¢;),>0 and (f;);>0 strictly
monotonic increasing |25 Theorem 5.2.5(2)]. Thus, by (1), O(Ao, j) = Oj24,, and these are

1+2\/5 has gf,) _ LitFv5 given by Fibonacci

all distinct. For the exceptional case A =5, g5 = 5
numbers F; and Lucas numbers L;, and we have f; = [}, which are all distinct except for
Fr=FK=1

(3) Both assertions follow from (2) and the formula O(Ay, j) = Or2n,- O

The second parametrization of unit-generated orders gives a direct parameterization of
discriminants A = f2A, of the orders. It gives the orders in two lists, ordered by increasing
size of the generating units in the lists, keeping the norm of the unit fixed, while mixing all
the different fields K in the ordering. The set of all real quadratic unit-generated orders are
enumerated by having The discriminants consist of the two families A = A = n? — 4 for
n>3and A=A = n? + 4, for n > 1 as described in Section .

Proposition 2.3. Let K be a real quadratic field of fundamental discriminant g, and let
O = Ze] be a unit-generated order of K, with € > 1 its minimal positive unit. Write

€= %XO, withn, f > 1 andn = f (mod 2). Then O has discriminant
A(O) = szO = TL2 F 4,

where Nmp g(e) = £1. The conductor [Ok : O] = f.
Conversely, if A =n?—4 forn >3 or A =n?+4 forn > 1, then O is a real quadratic
unit-generated order.

Proof. Write Gal(K/Q) = {1,0}. Note that n > 1, because € + o(¢) = n > 0, since
the conjugate o(¢) = +e~! > —1. By Proposition , O = Z + ¢Z. In other words,

O =7+ mtylyg 7,4 "NVI7 0L, so A(O) = f2A,. Additionally,

2 2 r2
+1 = NmK/Q(e’:‘) = <%)2 — (g) AO = anAO’

so f2A = n? F 4. The maximal order O = Z + %Z, and by inspection the index
[OK . O] = f
Conversely, set A = n? F 4. Take ¢ = "°F4 Then ¢ is a unit, and Ox = Z[e]. O

Remark 2.4. There are parameterizations of the continued fraction expansions of the gener-
ating units X of the two families of real quadratic orders AF using the parameter n. The
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ordinary continued fractions are

1 . 1
ejzﬁ(n%—\/n?—él):[n—l,l,n—2]+:n—1~l— il , n=>3
1+ 1
1+
n—2+—
-1 5T _ 1
gn:§(n—|— n2+4):[n]+=n+—1, ?"LZl
n—+
1
n+ —
The minus (Hirzeburch-Jung) continued fractions are
1 1
5::§(n+M):[ﬁ}_:n——1 , n>3.
n_
1
n—_
1 e —
5;:§(n+\/n2—|—4):[n+1,{2}”_1,n+2]_, n > 1.

2.2. Relation between narrow Richaud—Degert fields and unit-generated orders.
We establish a result giving the unit-generated order of smallest conductor f in a real qua-
dratic field K of narrow Richaud-Degert type.

fundamental radicand | discriminant A of unit-generated order | relation
Do =m? — 4, m odd A=Ay=n%—4,nodd n=m
Dy =m? — 1, m even A=Ay=n*—4,n=0 (mod 4) n=2m
Do=m*+1,meven | A=4Ag=n*+4,n=0 (mod4) |n=2m
Dy =m?+1, m odd A=ANg=n>+4,n=2 (mod 4) n=2m
Dy =m?+4, m odd A=Ag=n%+4,n odd n=m
TABLE 1. Relationship between narrow Richaud—Degert real quadratic fields
and unit-generated orders. Every narrow Richaud-Degert field occurs in ex-

actly one row of this table. All maximal real quadratic unit-generated orders,
as well as some of conductor f = 2, occur in the table.

Proposition 2.5. If K is a real quadratic field of narrow Richaud—Degert type having fun-
damental discriminant Ay and fundamental radicand Dy, then either:

(1) Op, is a unit-generated order (with conductor f =1), or
(2) Oup, is a unit-generated order (with conductor f =2).

Case (2) occurs if and only if Dy = m? + 1 and 2| m. Conversely, if K is a real quadratic
field whose maximal order is unit-generated, then K is of narrow Richaud-Degert type.

Proof. The proposition follows by checking the five cases illustrated in Table[I] Inspection of
the conditions Dy = 1,2,3 (mod 4) and Ag = 0,1 (mod 4) shows that the rows of this table
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exhaust both all Dy of narrow Richaud-Degert type and all Ay of maximal unit-generated
quadratic orders. 0

2.3. Class groups of orders. We define class groups of orders in terms of integral and
fractional ideals. We follow [25, Chapter 5], especially Section 5.4 and Theorem 5.4.2. A
nonzero integral ideal a of the order O has a representation as a Z-module as a = eaZ +
e% with A = b? — 4ac, for unique integers a, e > 1 and integers b, c. It is Oa-primitive if
e = 1 and it is Oa-invertible if and only if g := ged(a, b, ¢) has g = 1. It is Oa-regular if and
only if e = g = 1. An invertible fractional ideal is a Z-module of the form ra with r € K*,
where a is an Op invertible integral ideal; it suffices to take r € Q* to give all invertible
fractional ideals.

The class group of an order, defined in terms of invertible fractional ideals, generalizes the
usual notion of the class group of (the maximal order of) a number field.

Definition 2.6. The (wide) class group (also called the Picard group or ring class group)
of an order O in a number field K is

Cl0) = {invertible fractional ideals of O}
" {principal fractional ideals a©O, where o € K>}’

The (wide) class number ha = |Cl(Oa)].

Definition 2.7. In the real quadratic order case, the narrow class group CIT(0O) is the
quotient group of the set of invertible fractional ideals by the subgroup of all principal ideals
having a totally positive generator. That is,

I (0) = {invertible fractional ideals of O}
" {principal fractional ideals O, where o € K* and « is totally positive}’

(Note that one can replace @ by —a without changing the ideal aO, so the condition “«
is totally positive” can be replaced by either the condition “« is totally negative” or the
condition “« has positive norm.”)

crt(o . . . .
We have |‘C1((—0AA)?| =1 or 2, the former case occurring when there is a unit of norm —1 in

the order Oa. The narrow class number hi = |Cl+((9A)|.

Non-maximal orders always contain non-invertible integral ideals and noninvertible frac-
tional ideals. If one instead considers all nonzero fractional ideals, quotienting by nonzero
principal ideals (which are always invertible), one obtains a monoid (that is, a semigroup
with identity), called the (wide) class monoid Clm(O). The class monoid is a group when
O = Ok and is not a group otherwise. We consider class monoids for unit-generated orders
in a sequel [33].

3. GROWTH OF THE INVERTIBLE CLASS GROUP OF UNIT-GENERATED REAL QUADRATIC
ORDERS

We give an asymptotic formula for the size of the class group of Oa in the families
A = A* =n? 4. We deduce the finiteness of the set of unit-generated quadratic orders
having one class per genus.
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3.1. Growth of class numbers for arbitrary orders of quadratic fields. In 1935
Siegel [46] proved a result on growth of class groups for maximal orders of imaginary quadratic
fields and a corresponding result on growth of class number times regulator for real quadratic
fields.

Theorem 3.1 (Siegel’s theorem for quadratic fields). Let A run over discriminants of max-
imal orders of quadratic number fields.

(1) For A <0,
. log ha ]
im ——— =
A——o00 log A/ ‘A’
(2) For A >0,
. loghalogea
lim ————— =1.
A—00 log\/z

This result is a special case of the more general Brauer—Siegel theorem, which applies to
any sequence of number fields with discriminants with |A| — oo.

In 1957 L.-K. Hua gave an extension of Siegel’s theorem to quadratic orders, which ap-
peared in English in 1982; see [27, Theorem 12.15.4].

Theorem 3.2 (Siegel-type theorem for quadratic orders). Let A run over discriminants of
(not necessarily mazimal) orders of quadratic number fields.

(1) For A <0,
. log ha )
im ——— =
Sl CERVAIAY
(2) For A >0,
. loghalogea
lim ————— =1.
A—o00 log\/z

An alternate proof is given by Kawamoto and Tomita [31].

3.2. Growth of class numbers of unit-generated orders. In the following result, the
remainder term in (1) is ineffective, while the remainder term in (2) is effective.

Theorem 3.3.
(1) For A* = n? F 4, the size of the class group CI(AE) obeys the asymptotic formula
log |CL(A,)| =1logn + o(logn) as n — oo. (3.1)
(2) For families {OW : i > 1} of unit-generated orders whose discriminants A(OW) =

n? + 4 satisfy n; — oo as i — oo, and which have a bound (A(0;))y < N < oo on
their associated fundamental discriminants,

log |CL(OW)| = log n; + Oy (loglog(n; + 20))
valid for all n; > 1, with an effectively computable constant depending on N.
Proof. (1) We study ha = |C1(Oa)] for a real quadratic order. For a unit-generated order
with A = A* = n? F4, we have log A = 2logn + O(1) for n > 4, and logea = logn + O(1)
for n > 4. Consequently, we have
loghalogen  logha loglogea  logha 40 log logn
logA  logA logA  logA logn |~
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Applying Hua’s Theorem for real quadratic orders, restricted to discriminants A = AL
(for each sign separately), we obtain ha = |CI(AE)| and

. log |CI(A))|
lim ————— =1,
n—o00 IOg \/A_%:
which gives .

(2) Let {O%W} be an infinite subfamily of the full family A of all unit-generated orders,
having the property that all discriminants A(OQ®)) have associated fundamental discriminant
Ao (OD) < N, with the bound N known in advance. Write A(O®) = (fou))?Ae(OW). A
set {A(OW)} of discriminants with associated fundamental discriminant bounded by N can
be infinite because every fundamental discriminant Ag appears infinitely many times in the
list of (A¥)y. For such a subfamily necessarily the conductors fou) — 0o as i — oo.

We write unit-generated order AX = f% A, where A is fundamental. We set f = fa and
use the formula for the class number of an order given in Neukirch [43, Theorem 12.12]:

hAo ‘(OAO/fOAo)X‘

ha = )
510X 0K (Oa) fOn)]

Taking a logarithm on both sides,

e [P0 |(One/fOny)"|
loghA—lg< ]>+lg<} > (3.2)

[OF, - OX (Oa/fOn,)"]
We use the identity (3.2). We bound ‘(C)AO/fOAO)X‘ above by f? and below by

1(0n0/1080)"| = 2] (1 - Nrj(p)) > P11 (1 - i) — ()",

plf plf

where the first product is over prime ideals of O, and the second product is over rational
primes. Since VA = fy/Ag = 0 (mod fOn,), we deduce that (Oa/fOn,)" = (Z/f7)",
whence |(Oa/fOn,)| = @(f). We conclude

f2 |(OA0/fOA0)X|
o - [(Oa/FOn,)"] =
It is known that
o(f) > —== forall f>2.

(f)

where £(n) is the (effectively computable) function given by

U(n) = " loglogn + —>—
(n) :=¢log Ogn+210glogn’

see [45, Theorem 15] and [6, Theorem 8.8.7]. Applying this estimate (on both sides) yields

|(OA0/fOA0)X| > /
[(Oa/fON)| — Lf)

Fef) >
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Taking logarithms of these quantities yields the effective bound

|(OA0/fOA0)X|
[(Oa/10n)"|

log f —logt(f) < log< ) < log f + log ¢(f). (3.3)

We have
B log ea

- lOg ENg .

ha ha, logea
log| ———2— ) =log| —2—"20 ),
Og([ozozom) Og( log za )

Since Ay is bounded, there are a finite set of such Ay and of associated log fundamental
units logea,, hence there is a positive constant B (depending on N) such that

[O%, + OR]

Therefore we have

ha,
[OF, - OR]
Using the bounds ({3.3)) together with (3.4) to estimate the terms on the right side of the
identity (3.2) yields

‘log ha — (1og VA, + logf)‘ < B +log VA, + |loglog ea| + log £(f).

—B —loglogea < 10g< ) < B —loglogen. (3.4)

We have inserted an extra term log v/Aq on both sides of this expression, noting that Ay < N.
On the left-hand side, we have the bound

log V/Aq +log f = log VA =logn + O(1),
valid for all n > 4. Thus we obtain
llog ha —logn| < B'+ B +log N + |loglogenal| + log £(f). (3.5)
for an effectively computable constant B’. On the right-hand side of , we have
log £(f) <logloglog(f + 20) + O(1) < logloglog(n + 20) + O(1),
valid for all f > 1. Also we have

+ /A
loglogea < loglogef = loglog nTn < loglog(n + 20) + O(1),
valid for all n > 1 where A¥ is real quadratic. Substituting these bounds into (3.5)) yields
llog ha — logn| = O(loglog(n + 20) + log loglog(n + 20)) (3.6)

with an effectively computable constant in the O-symbol, valid uniformly for all n > 1.
We actually have a sequence of orders {O”} and A(O?) = AZ for some sign +. So we

conclude by (3.6]) that
log hp o)y = log hp+ = logn; + Oy (loglog(n; + 20)).
valid for all n; > 1 with an effectively computable constant in the big-O. U
4. UNIT-GENERATED ORDERS WITH TRIVIAL CLASS GROUP

We classify all unit-generated quadratic orders with class number one.

4.1. Unit-generated maximal orders with class number one. We prove Theorem
by analysis of cases.
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4.1.1. A, = n? + 4. We divide the case A = A, = n?+4 (n > 1) into two subclasses,
according to the parity of n. For n odd, in 1986 Yokoi [48] conjectured that all maximal
orders with discriminants A = n? 44 that have class number one must have n < 17. In 2003
Bir6 [9] proved Yokoi’s conjecture.

Theorem 4.1 (Bird). If A = n? + 4 is the discriminant of a maximal order with odd
n=2m+ 1> 0, having class number ha = 1, then necessarily n < 17. The solutions are
n € {1,3,5,7,13,17}, with discriminants A € {5,13,29,53,173,293}.

We resolve the second subcase, of orders having discriminant A = n? + 4 with n even,
using genus theory.

Theorem 4.2. Let A =n?+4 forn > 1.

(1) If O is a mazimal order with n = 2m even, and with class number ha = 1, then
m =1, giving n = 2 and discriminant A € {8}.

(2) If n = 2 (mod 4), then the class number ha is even, regardless of whether Oa is
mazimal or non-mazimal.

To prove the result, we use known criteria from genus theory for oddness of class numbers
of quadratic orders.

Proposition 4.3. Let A be a quadratic discriminant.

(1) If A >0, then the narrow class number h = |C1"(O4)| is odd if and only if
(a) either A € {p",4p"} for some p=1 (mod 4) and odd r € N,
(b) or A =8.
In all these cases Nm(ea) = —1.
(2) If A > 0 then the (wide) class number ha is odd if and only if
(a) either hX is odd,
(b) or A = {p"¢®,4p"¢*} where p # q are odd primes, r and s are not both even,
p= 3 (mod 4), and p"¢°* = 1 (mod 4),
(¢) or A =4p" =12 (mod 16) for some prime p and odd r € N,
(d) or A € {8p",16p"} for some prime p =3 (mod 4) and r € N,

(e) or A = 32.
(3) If A is a fundamental discriminant, then the (wide) class number ha is odd if and
only if

(a) either A = (—=1)®=1/2p for some odd prime p,

(b) or A € {4p,8p} for some prime p =3 (mod 4),

(c) or A = pq for some primes p,q with p # q and p =q =3 (mod 4),

(d) or A € {—4,+8}.
Proof. This is the real quadratic case of a result of Halter-Koch [25, Theorem 5.6.13]. O
Proof of Theorem[4.2 (1) We first note that A = 8 has ha = 1, coming from n = 2. In
what follows we suppose n > 4, so A # 8.

By hypothesis n = 2m, so A = 4m? + 4 = 4(m? + 1). There are two cases.

Case 1. m = 2k is even, son = 4k, with k > 1.

Then A = 4(4k? + 1). Now A cannot be a fundamental discriminant since A’ = 4k? + 1
is already a quadratic discriminant. So Case 1 is ruled out.
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Case 2. m =2k + 1 is odd, so n =4k + 2, with k > 1.

Then A = 4(4k*+4k+2) = 8(2k(k+1)+1). In particular A = 8 (mod 16). We first show
that A} is even by ruling out all cases in Proposition [4.3(1). Case (a) requires A € {p", 4pr}
for p = 1 (mod 4) with r odd, and is ruled out since 8| A. Case (b) requiring A = 8 is
excluded by the restriction that £ > 1.

We claim that ha is also even. We rule out all cases in the criterion of Proposition [1.3|(2)
for it to be odd. Case (a) is ruled out since h} is even. Case (b) that A € {p"¢®,4p"¢*} for
p,q odd primes and case (c) that A = 12 (mod 16) are ruled out since 8| A. The property
16 1 A rules out one part of case (d), in which A = 16p”, and case (e) that A = 32. It remains
to treat the remaining part of case (d), that A = 8p” with p prime, p = 3 (mod 4), and
r > 1. We argue by contradiction. If equality held, then A = 4(4k* + 4k +2) =0 (mod p).
However 4k* + 4k + 2 = (2k + 1)® 4+ 1 hence (2k + 1)> = —1 (mod p), which is impossible
since p = 3 (mod 4) by hypothesis. The claim follows. We conclude ha is even in Case 2,
whence ha # 1.

(2) The Case 2 argument shows ha is even for fundamental or non-fundamental A. [

4.1.2. Af = n? — 4. We divide the case A = AT = n? —4 (n > 0) into two subcases
according to the parity of n. For n odd, in 1987 Mollin 38| conjectured that h,2_, > 1 when
A = n?—4 is squarefree and n > 21. For A = n? —4 the squarefree assumption is equivalent
to A being the discriminant of a maximal order with n odd. Mollin’s conjecture was proved
in 2007 by Byeon, Kim, and Lee [10, Theorem 1.2]. Their proof uses an adaptation of the
general method of Biro.

Theorem 4.4 (Byeon, Kim and Lee). If A = n? —4 is the discriminant of a maximal order,
with odd n = 2m + 1 > 0, having class number hn = 1, then necessarily n < 21. The
solutions are n € {1,3,5,9,21}, with discriminants A € {—3,5,21,77,437}.

We resolve the remaining subcase, of orders having fundamental discriminants A = n? — 4
having n even, using genus theory.

Theorem 4.5. Let A =n? —4 forn > 0.

(1) If n = 2m is even, and Oa is a mazimal order with class number ha = 1, then
n € {0,4} with discriminant A € {—4,12}.

(2) If n=2m =2 (mod 4), and m > 3, then the class number hu is even, regardless of
whether Oa is maximal or non-maximal. For m = 3 with n = 6, we have A = 32
and ha = 1.

Proof. (1) We first treat small m. First, A = —4, coming from (m,n) = (0,0), is a fun-
damental discriminant and has ha = 1. Next, A = 12, coming from (m,n) = (2,4), is a
fundamental discriminant and has ha = 1. These give the two solutions listed in (1). Next,
A = 0, coming from (m,n) = (1,2), is ruled out as not being a quadratic discriminant.
Finally, A = 32, coming from (m,n) = (3,6), is a non-fundamental discriminant and has
ha =1, giving the discriminant listed in (2).

In what follows it remains to consider m > 4, so A > 60. By hypothesis n = 2m, so
A =4m? — 4 = 4(m? — 1). We will show all such class numbers ha are even, so ha # 1.
There are two cases.
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Case 1. m = 2k is even, so n = 4k, with k > 2.

In this case we consider only fundamental discriminants. Then A = 4(4k* — 1) =
42k +1)(2k —1). Let g = ged(2k + 1,2k — 1). Then g is odd and ¢|2, so g = 1. Now
2k +1 > 5 has an odd prime factor, call it p, and 2k — 1 > 3 has an odd prime factor ¢
distinct from p, by relative primality. Thus 4pq | A.

We show that 2| ha when A is a fundamental discriminant, by excluding all cases of odd
class number in criterion (3) of Proposition[4.3] Conditions (a), (b) are ruled out since pg | A,
condition (c¢) is ruled out since 4 | A, and condition (d) is ruled out since A > 60. Case 1
follows.

Case 2. m =2k + 1 is odd, so n = 4k + 2, with k > 2.

In this case we consider all real quadratic discriminants A = 4(m? — 1). Since m is odd,
72 =1 (mod 8), so 32| A, and A is a quadratic discriminant. Now the class number h is
even (whether A is fundamental or non-fundamental) by checking the criterion (2) of Propo-
sition {4.3[ for wide class number being odd. Indeed 32| A rules out conditions (a)—(d), and
case (e) is ruled out since A > 60. Case 2 follows.

(2) The Case 2 argument showed ha is even for fundamental or non-fundamental A. O

Proof of Theorem[I1.5 The result follows by combining the four cases Theorem [4.1], Theo-
rem [4.2] Theorem and Theorem [4.5] O

For narrow Richaud-Degert maximal orders of class number one, the remaining case not
covered by the results above consists of all squarefree discriminants A = 4n? + 1, coming
from case (2) of Proposition [2.5). This case is Chowla’s conjecture, which was formulated
in 1976 (originally only for prime A) in |13, p. 48]. It was settled by Biré [8, p. 179] in 2003
using his method.

Theorem 4.6 (Bird). If A = 4n? + 1 is the discriminant of a mazimal order having class
number ha = 1, then necessarily n < 1861. The solutions are n € {1,2,3,5,7,13}, with
discriminants A € {5,17,37,101,197,677}.

The condition that A = 4n? + 1 is the discriminant of a maximal order is equivalent to
the requirement that 4n? 4 1 be squarefree, used in Bird’s formulation of the result. The
solution list in Theorem was determined numerically using the bound n < 1861.

Theorem (4.6 will be used in the non-maximal order case treated in Section (4.2

4.2. Unit-generated non-maximal orders with class number one. We classify all
non-maximal unit-generated quadratic orders O of class number one. For such orders O, all
their over-orders, including the maximal order, necessarily have class number one. We must
show an additional key property: If a non-maximal quadratic order O has class number one
and is unit-generated, then all its over-orders 0" necessarily are also unit-generated, with
one exceptional case that is “almost” unit-generated.

We handle the case of prime relative conductor [0’ : O] = p first.

Proposition 4.7. Suppose that A = p*A’, where A and A’ are non-square discriminants
and p is a prime number. If Oa is a unit-generated order and ha = has, then one of the
following s true:
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(1) Oar is a unit-generated order and p < lfogg(fﬁil) + 1, from which it follows that
p < 17.

(2) p=2and A’ =1 (mod 8).

Proof. Note that the quotient ideal (Oa : Oar) = pOar. We have by [35, Thm. 6.5] the exact
sequence

Oy o, (Oar/pOnr)”

é Y
— Cl(OA) — Cl(Oar) — 1. 4.1
(’)X2 (Oﬁ/pOQ,)X ( ) ( ) ( )

The equality ha = has implies that v is an isomorphism, so ¢ = 0 and ¢ is an isomorphism.
There is a ring isomorphism Oa//pOar = Z[z]/(p, 9(z)) = F,[z]/(g9(z)) where g(z) = z* —
Az + (A/)LA/ having disc(g) = A’. Set w = 2%YA" The subring Oa/pOa then has a

2
_ pwZ+Z ~

compatlble isomorphism Op /pOar = SoTE [F,. The quotient of unit groups is determined

by the Kronecker symbol (?):

Z)(p-17Z if (&) =1,
(Oar/pOn)” o Epla]/(g(x))" 2/p i (&) = o

(Oa/POn)” Fy ,
Z/(p+1)Z if (&) =—-1.

It follows from the fact that ¢ in (4.1)) is an isomorphism that the index

0305 -0- (5. (12)

If this index is not 1, then O, contains a unit that is not in O, so since O is unit-generated
and there are no other orders between Oas and O, we conclude that Oa: is unit-generated.

If the index is 1, then p = 2 and (%) =1, that is, A’ = +1 (mod 8), so A’ =1 (mod 8)
because it is a discriminant.
It remains to show the upper bound on p in case (1). Let u > 1 be a generator for

OX//{£1} and let v > 1 be a generator for Ox /{£1}. Let ¢ = <%>. By (4.2)), v = uPe.
Moreover,

VA —1=u—0o(u)—1<u<u—ou)+1=vVA+1,
WA —1=v—0@)—1<v<v—0@) +1=pVA +1,

for the nontrivial Galois automorphism o. Thus,

log v log(pvV A’ + 1)
e <
log u log(VA" — 1)

+1. (4.3)

p:
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Finally, note that the function f(x,y) = %

because

is a decreasing function of y for any x,y > 1,

oy (v = Dlay + 1) (logly — 1))

Ty log(zy + 1) — zlog(y — 1) — zylog(zy + 1) — log(zy + 1)
(y = D(zy +1) (log(y — 1))°

~ —xlog(y — 1) — log(xy + 1)

O fla,y) = yloely=1) —wlogly = 1) — aylog(zy + 1) — log(ay + 1)

= 5 < 0.
(y = D(zy + 1) (log(y — 1))
From , we can conclude that
p < f(p, VA) +1< f(p,V5) + 1. (4.4)

By again taking a derivative, we can see that the function g(z) = f(z, v/5)+1—x is decreasing
for x > 4.3; also, g(19) ~ —0.2 < 0. Thus, g(p) > 0 (that is, (4.4])) implies p < 17. O

We now prove the key property for general relative conductor [0’ : O] = f.

Proposition 4.8. Suppose that A = f2A’, where A and A’ are non-square discriminants.
If Oa s a unit-generated order and ha = has, then one of the following s true:

(1) Oa is a unit-generated order.

(2) Oar is not a unit-generated order, but O4nr is a unit-generated order, 2| f, and
A"=1 (mod 8).

Proof. Let e be the smallest divisor of f such that O.2a/ is unit-generated. If e = 1, we are
done; this is case (1).

Otherwise, suppose e > 2 so O is not a unit-generated order. Let p be a prime divisor of e,
and choose p to be odd unless e is a power of two. We must have har < he/pp2ar < he2ar < ha,
but also ha = har, so in fact har = hejp2ar = he2ar = ha. By Proposition applied to
the pair of discriminants (e2A’, (e/p)?A’), we conclude that either:

(1') O(ejpy2ar is a unit generated order, or

(2') p=2and (¢/p)*A’ =1 (mod 8).
The minimality of e rules out case (17). Thus, p = 2, which forces e to be a power of two, and
(e/p)*A’ =1 (mod 8), which subsequently forces e = 2 and A’ =1 (mod 8). We conclude
that O4as is a unit-generated order, 2| f, and A’ =1 (mod 8). This is case (2). O

Proof of Theorem[1.4] It may be checked directly that each of these (non-maximal) orders
are unit-generated and have class number 1. We focus on the proof of the converse, that
every unit-generated real quadratic non-maximal order of class number 1 is contained in the
set {32,45,117} U {20,68,125}.

Suppose that Oa is a unit-generated order and ha = 1. Let Ag be the associated fun-
damental discriminant, and write A = f2A, with f > 1. We must have hy, = 1. By
Proposition 4.8, one of the following holds.

(1) Oa, is a unit-generated order.
(2) Oa, is not a unit-generated order, but Oga, is a unit-generated order, 2| f, and

Ag =1 (mod 8).
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In case (1), Theorem [1.3|implies that the fundamental discriminant A is contained in the
list
Ay € {5,8,12,13,21,29,53,77,173,293,437}.

For each fundamental A in this list, our results allow us to enumerate all possible non-
fundamental values for A by a finite computation described as follows.

(S1) Check whether O,a, is a unit-generated order of class number 1. (This happens for
Ap € {5,8}, giving A € {20,32}.)

(S2) For those cases where (S1) holds, also check whether Oz, is a unit-generated order
of class number 1 for each of the finite list of primes satisfying p < 17. (This never
happens.)

(S3) Thus, by Proposition , there do not exist any primes p such that Ogpa, is a
unit-generated order of class number 1.

(S4) If A is even and A # 4/, applying the criterion of Proposition to a pair of the
form (A, 4p?Ag) rules out A.

(S5) Check whether O,25, is a unit-generated order of class number 1 for each of the finite
list of odd primes satisfying p < 17. (This happens for (Ag, p) € {(5,3),(13,3),(5,5)},
giving A € {45,117,125}.)

(S6) For those cases where (S5) holds, also check whether O,2,24, is a unit-generated order
of class number 1 for each of the finite list of odd primes satisfying ¢ < 17, allowing
g = p. (This never happens.)

(S7) Thus, by Proposition , there do not exist any primes p, g such that O,2a, or O,2424,
is a unit-generated order of class number 1, except for those found in (S5).

(S8) If Ais odd, A # Ay, and A was not found in (S5), applying Proposition[4.8to a pair
of the form (A, p*Ag) or (A, p*q*Ag) to rule out A. In the case Proposition [4.§)2),
we are using the conclusion of (S4) to say that Oy, and Oyp2p2a, cannot be unit-
generated orders of class number 1.

This computation yields for A = n? — 4 with n € {6,7,11} the non-maximal discriminants
A € {32,45,117}. Tt yields for A = n? + 4 with n € {4, 11} the non-maximal discriminants
A € {20,125}

In case (2), Ag = 1 (mod 8), Op, is not a unit-generated order, and 4A, = n? + 4 for
some integer n. Write n = 2m. If 4Ag = n? — 4, then Ag = m? — 1 = 0,3,7 (mod 8),
a contradiction. Thus 4A¢ = n? + 4, so Ay = m? + 1. Necessarily m must be even, say
m = 2k, so Ay = 4k? + 1. Since A is fundamental and h(Ag) = 1, Theorem applies to
give k € {1,2,3,5,7,13}, so

Ay € {5,17,37,101,197, 677}

Only Ay = 17 satisfies Ay = 1 (mod 8). It yields for n = 8 the new non-maximal dis-
criminant A = 68. There are no more, as one rules out all A = 4p*>/A, for p < 17 being
unit-generated orders of class number one. 0

Remark 4.9. The computation must test the unit-generated order property. For A; = 52++1,
we have ha, = 1 for all k£ > 0. However only Ay = 5 and A; = 125 are unit-generated. Here
Ay = 3125 in Step (S5) fails to be unit generated.

We summarize the results for unit-generated quadratic orders of class number one in

Table 2|
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n|A=n>—4|fa n|A=n>+4|fa
0 —4 1 1 ) 1
1 -3 1 2 8 1
3 ) 1 3 13 1
4 12 1 4 20 2
) 21 1 5 29 1
6 32 2 7 53 1
7 45 3 8 68 2
9 7 1 11 125 5
11 117 3 13 173 1
21 437 1 17 293 1

TABLE 2. Quadratic order discriminants A = n?4r = (fa)?Ag with r € {£4}
and class number hp = 1.

There are 11 real quadratic fields having unit-generated maximal orders having class num-
ber one, compared with 9 imaginary quadratic fields having maximal order having class
number one. There are 17 unit-generated real quadratic orders having class number one,
compared with 15 imaginary quadratic orders having class number one.

5. UNIT-GENERATED ORDERS WITH ONE CLASS PER GENUS

We treat ideal class groups for unit-generated orders that have one class per genus. Tech-
nically we treat a more general problem, that of determining all unit-generated orders whose
(wide) class groups are of exponent 2, that is, C1(Oa) = C1(Oa)[2].

5.1. Gauss one class per genus problem. A famous problem of Gauss is the one class
per genus problem for positive definite (primitive) integral binary quadratic forms of negative
discriminant A = —4D.

(1) In Disquisitiones Arithmeticae, Gauss [22, Article 304] gave an empirical list of 65 dis-
criminant{]| of positive definite binary quadratic forms (restricted to A =0 (mod 4))
having one class per genus, and asked if the list was complete.

(2) Gauss noted that his list agreed with Euler’s list of 65 “idoneal numbers” D (taking
A = —4D), which he knew of from a published letter of Euler |19]. Euler’s concept
of “numerus idoeneus” (convenient numbers) was: An integer D > 1 is idoneal if,
whenever m is an odd integer and 22 + Dy? = m has a unique solution in coprime
integers x,y > 0, it follows that m is prime; see [20,128]. Euler found 65 positive
integers D with this property. The equivalence of the Euler definition to the one
class per genus problem of Gauss for A = 0 (mod 4) was proved by Grube [24] in
1874, as described in Kani [2§]; see also Frei [21].

(3) Work of Leonard Eugene Dickson extended the list of discriminants to include odd
discriminants A = 1 (mod 4), finding 36 discriminants A = 1 (mod 4) having one
class per genus. There are 101 discriminants in the two lists combined; see [12)].

!Gauss [22] used the determinant D = ac — b% = —1A, rather than the discriminant.
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The Gauss one class per genus problem for binary forms of negative discriminant remains
unsolved. See Stark [47] for information on its status and Lemmermeyer [36] for further
history of genus theory.

The one class per genus problem for binary quadratic forms was carried over to ideals
of orders of quadratic number fields, by Dedekind [14-16]. For the genus theory of real
quadratic orders, one must use the narrow class group C1"(O,) rather than the class group
Cl(On); see Section 5.2

One may view the one class per genus question for unit generated orders of real quadratic
fields as an analogue of the Gauss one class per genus problem, either with or without the
restriction to A =0 (mod 4).

5.2. Finiteness of unit-generated orders with one class per genus. We recall facts
about the genus theory of Gauss for general binary quadratic forms, described in [25, Chapter
6.5], and its relation to the narrow class group C17(Oa) and (wide) class group Cl(Oa) of a
quadratic order Oa of the same discriminant.

(1) The integral binary quadratic form class group §a of SLa(Z)-classes of primitive bi-
nary quadratic forms of discriminant A, having group law given by Gauss composition
of forms, is isomorphic to the narrow ideal class group C1"(OA); see [25, Theorem
6.4.2].

(2) There is a surjective homomorphism C17(Ox) — Cl(Oa), with kernel of size 1 or 2.

(3) The group of (Gauss) genera of quadratic forms is Fa/Fa and is isomorphic to
CI*(0)/ CI*(0)?, which we call the genus group. The group C1(Q)/ Cl(0)? is a quo-
tient of the genus group, with quotient map from C1*(0)/ CI* (0)? to C1(0)/ C1(O)?
having kernel of size 1 or 2. (The statement that the principal genus is CI*(0)? is
sometimes called the principal genus theorem; see [36].)

The group of genera of a real quadratic order has order 2"+ where r is the number
of distinct odd primes dividing the discriminant A, and —1 < 7 < 1. To state its order
precisely, write A = sgn(A)2%p7* -...-pSr, with eg > 0,¢e; > 1, for i > 1, and define p(A) by

r if A=1 (mod4) or A=4 (mod 16),
p(A)y=qr+1 if A=8or12 (mod 16) or A =16 (mod 32),
r+2 if A=0 (mod 32).

Then its order is given by [25, Theorem 6.5.2], which we state as Proposition
Proposition 5.1. If A is a (real or imaginary) quadratic discriminant, then
Fal2]] = |3a/3a| =2+

We upper-bound p(A) in terms of |A|. We have u(A) — 1 < w(A), where w(m) counts
the number of distinct prime divisors of m (without multiplicity). It is well known that

w(m) = O<M> for m > 2 |42, Theorem 2.10], so we conclude, for |A| > 20,

loglogm
B log |A|
010t o

The constant in the O-notation is effectively computable.
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Proof of Theorem[1.5. We first consider arbitrary quadratic discriminants A (not necessarily
unit-generated) such that C1(Oa) is 2-torsion. Then by Proposition [5.1] we have

log |C1(O4)] < log |CIF(O4)| = log [Fa[2]] = log 23!
Using (5.1), we obtain, for |A| > 20,

_ log |A|

From ([5.2)) it follows that, for any infinite family F of real quadratic orders in which C1(Ox)
is 2-torsion, we necessarily have

log |[C1(Oa)| = o(log A) as A — oo, with A€ F.

For real quadratic orders such infinite families do exist since, as noted earlier, there exist
infinitely many real quadratic orders having class number 1.

Now we restrict to unit-generated orders. To show there are only finitely many unit-
generated orders O such that C1(Oa) = Cl(Oa)[2], we argue by contradiction. So suppose
there are infinitely many such A* > 0 in a family F = {n:n =mn;, i > 1}, with n; < ny <
ng < ---. For unit-generated orders we have A,, < n?+4, so log A,, = O(logn), and by the
argument above,

log |Cl(Oa, )| = o(logn) as k— oo, with n=mn;€F.

This limiting behavior contradicts Theorem [3.3|(1), which asserts for unit-generated orders
that

log |Cl(Oa, )| =logn +o(logn) as n— oo.

We conclude there must be only finitely many unit-generated real quadratic orders that have
a (wide) class group that is 2-torsion. O

5.3. Computations of unit-generated orders having (wide or narrow) class group
of exponent 2. We give lists of all unit-generated quadratic orders having wide class group
of exponent 2 (that is, C1(Oa) = Cl(OA)[2]) and having discriminant A < 10'°. We also list
the subset of those unit-generated orders having narrow class number of exponent 2 (that
is, C17(Oa) = CIT(0a)[2], or “one class per genus”). We find a total of 86 unit-generated
quadratic orders having 2-torsion (wide) class group and discriminant A < 10'° which we
list in Table [3| and Table (The discriminant A = 5 again appears twice.) In the case
A =n?+ 4 in Table[d all wide class groups coincide with narrow class groups, because the
fundamental unit has norm —1.

These tables include all known unit-generated quadratic orders having one class per genus.
In the case A = n? + 4, all discriminants in Table 4| have one class per genus, since
CI*(A) = CI(A) because their generating unit has norm —1. TIn Table [3, only the rows
with C17(Oa) = (Z/2Z)’ have one class per genus.

We computed the data for Table [3] and Table [ using SageMath. Our code is publicly
available on GitHub at https://github.com/gskopp/UnitGeneratedOrders.

A list of discriminants having exponent 2 class groups for maximal orders of extended
Richaud-Degert type was previously computed by Loboutin, Mollin, and Williams [37],
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Cl(Oa) ClJr(OA) A=n?>—14 fa
1 1 —4,-3,5
1 Z7]27 12,21,77,437
32
45,117
7/27 (Z/QZ)Q 60, 140, 165, 285, 357,572,957, 1085, 2397
96
252
192
525
320
Z7/27 YARZY/ 221,1517
725

(Z)2Z)* | (Z/2Z)° | 780,1020,1365,1932, 2805, 4485, 5180, 7917, 8645
480, 672, 1760, 2912
1440
2112
(Z)27)° | Z)27. x ZJATZ 3965, 7565
(z)272)° |  (z./2Z)* 4620, 12540, 26565
3360, 7392, 14880, 19040, 23712, 27552
6720
(z)2z)* | (z/2Z)° 68640

TABLE 3. Discriminants A = n? — 4 = (fa)?A having (wide) class group
Cl(Oa) = Cl(Oa)[2], complete for A < 10!, The list is not known to be
complete without the restriction A < 10,

N[O N |00 OO N =[O0 O W FHIWN |-

Cl(Oa) = C1+(0A) A=n?+14 fa
1 5,8,13,29,53,173, 293

20, 68

125

72T 40, 85,104, 365, 488, 533, 629, 965, 1448, 1685, 1853, 2813

260

200

845 13

(Z)21.)* 680, 1160, 2120, 2405, 3485, 3848, 5480, 10205, 16133

(Z)27.)° 8840, 21320, 32045

TABLE 4. Discriminants A = n? + 4 = (fa)?A having wide class group
Cl(Oa) = Cl(Oa)[2], complete for A < 10'. The list is not known to be
complete without the restriction A < 10,

(2 S NI 2 B NG

=] =

complete under the assumption of the generalized Riemann hypothesis. We have checked
that our tables match theirs where they overlapE]

2They list such orders in their Tables 1 and 3, which exclude those with class number 1. Their Tables 1
and 3 include maximal orders for A = n? + 4, and their list matches our Table [4] in the rows labeled f = 1.
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Remark 5.2. For comparison with the imaginary quadratic case, the results of Frei |21,
Theoréme 4.5] show the largest (absolute) discriminant of the 65 even discriminants is —A =
22.1848 = 7392, and the largest of the 36 odd discriminants is —A = 3315.

6. CONCLUDING REMARKS

The families of real quadratic orders with A = AT =n? —4 and A = A = n? +4 behave
like imaginary quadratic fields in terms of the rate of growth of their class number. One
may ask whether other class group statistics for these families has similar behavior to the
imaginary quadratic case. For example, one such statistic is the average size of the m-torsion,
for fixed m, + 7,y ’CI(OAf)[mH as X — 0o. The case m = 2 reduces by genus theory to
a statistic on the number of distinct prime divisors of AE, which seems approachable.

Problem the classification of unit-generated quadratic orders whose class group is
2-torsion, subsumes a real quadratic analogue of the Gauss one class per genus problem,
which itself is currently unsolved. The complete classification of unit-generated orders with
2-torsion class group seems out of reach at this time, in parallel with the idoneal number
problem being unsolved.

The definition of unit-generated orders makes sense for arbitrary number fields. For real
quadratic, complex cubic, and totally complex quartic fields, which are the cases where the
rank of the unit group is one, this definition implies “small regulator” and hence “large class
number.” One may hope for analogues of results of this paper in the complex cubic and
totally complex quartic cases.
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